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11 ABSTRACT: We explore the potential of nanocrystals (a term
12 used equivalently to nanoparticles) as building blocks for
13 nanomaterials, and the current advances and open challenges
14 for fundamental science developments and applications. Nano-
15 crystal assemblies are inherently multiscale, and the generation
16 of revolutionary material properties requires a precise under-
17 standing of the relationship between structure and function, the
18 former being determined by classical effects and the latter often
19 by quantum effects. With an emphasis on theory and
20 computation, we discuss challenges that hamper current
21 assembly strategies and to what extent nanocrystal assemblies
22 represent thermodynamic equilibrium or kinetically trapped
23 metastable states. We also examine dynamic effects and
24 optimization of assembly protocols. Finally, we discuss promising material functions and examples of their realization with
25 nanocrystal assemblies.
26 KEYWORDS: nanocrystal, nanoparticle, quantum dots, nanocrystal assembly, colloidal crystal, superlattice, self-assembly,
27 assembly protocols, structure prediction, material properties

1. INTRODUCTION

28 Nanocrystals (NCs), a term used herein interchangeably with
29 nanoparticles, provide building blocks for nanomaterials.1−234

30 NC superstructures are a form of matter possible by the
31 progress in synthesizing NCs with different shapes, sizes, and
32 chemical compositions with monodispersed distributions,5,6

33 allowing tuning superlattice parameters from tens to hundreds
34 of nanometers. This permits creating materials with properties
35 and functionalities believed unattainable on the basis of the
36 crystallization of atoms into lattices at the Å-scale. An
37 important challenge is to assemble materials that perform
38 many functions simultaneously and undergo structural trans-
39 formations on demand. Robust assembly that is precise and
40 configurable or programmable is particularly desirable.

41The assembly of NCs can be rationalized by drawing an
42analogy to atoms, their constituents, interactions, and the
43 f1emergence of structures, as depicted in Figure 1. That is, NCs
44can be regarded as big atoms,7 or programmable atom
45equivalents8 (PAEs), defining a virtually infinite-dimensional
46periodic table of NCs with degrees of freedom including shape,
47size, chemical composition, the capping ligand, and others. The
48shape of NC cores (Figure 1b) is partially responsible for
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49 anisotropy in NC interactions9 and is, in its centrality,
50 analogous to the atomic nucleus (Figure 1a).
51 Interactions between NCs are controlled by functionalizing
52 NC surfaces using ligands (Figure 1d). Similar to the electronic
53 states dictating the type of interactions between atoms (Figure

541c), ligand chemistry, chain length, and coverage can modulate
55interactions between NCs. Besides conventional ligands
56already present during NC synthesis,10 highly adjustable
57designer ligands comprise (i) polymers with nonspecific
58interactions that incur in steric stabilization, such as polymer

Figure 1. Analogy between NCs and atoms. (a, b) NC cores play the role of atomic nuclei. (c, d) Ligands such as polymers and DNA are
equifunctional to the electron shell. (e, f) Their combination gives rise to NC building blocks analogous to atoms. (g−h) Similarly to atoms,
NCs can interact and bond. NCs interact via ligands through steric forces, van der Waals forces, or specific sites for hydrogen bonding.
Solvent conditions modulate NC interactions. NCs can also bond by hybridization of quantum states, forming NC molecules. (i) Quantum
chemistry explains the formation of crystalline lattices at the Å-scale. (j) NCs self-assemble into superlattices. The degrees of freedom of NC
core habits and ligand chemistry, length, and coverage, tune superlattice parameters in the range of tens to hundreds of nanometers.

Figure 2. Summary of the topics covered in this study to assemble NCs into superstructures to a given desired function. The keyword map
relates (i) acronyms coming from simulation methods and field-specific techniques, and (ii) technical jargon coming from the name of
assembly protocols, to (iii) the fundamentals of different length scales covering quantum to hundreds of nanometers. Acronyms: CQDM
(colloidal quantum dot molecules), HS (hard shape) and non-HS (non-hard shape), IC (interpolymer complexation), KMC (kinetic Monte
Carlo), MTP (multiply-twinned particles), MD (molecular dynamics), ML (machine learning), NCT (nanocomposite tectons), PAE
(programmable atom equivalent), OTM (orbifold topological model), SCFT (self-consistent field theory), SLR (surface lattice resonances).
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59 brushes11,12 and nano- and microgels,13 and (ii) ligands with
60 specific hydrogen bonds that can further induce anisotropy
61 (patchiness14,15), as (ii.a) partially hybridized DNA strands
62 that complete hybridization when finding their comple-
63 ments,16,17 and (ii.b) polymers with certain end groups, such
64 as nanocomposite tectons (NCTs)18,19 and interpolymer complex-
65 ation (IC).20 Interactions between NCs can be further
66 modulated by solvent conditions, such as ionic strength21

67 and solvent quality,22 or by use of liquid crystal hosts23 (i.e.,
68 nematic molecules). The ligand-functionalized NC core�
69 called building block (Figure 1f)�is the analog of an atom
70 (Figure 1e). Just like atoms bonding to form molecules (Figure
71 1g), NCs can have their quantum states hybridized and
72 extended, forming NC molecules (Figure 1h), dubbed coupled
73 colloidal quantum dot molecules24 (CQDMs). Whereas atoms
74 crystallize into lattices (Figure 1i), building blocks self-
75 assemble into superlattices (Figure 1j). The size of the NC
76 core together with the ligands and length scale of NCs
77 interactions determines the superlattice parameter.
78 An important aim of the field comprises the ability to design
79 tunable building blocks able to realize (if not all of it, at least to
80 large extent) the virtually infinite periodic table for NCs. There
81 are several assembly protocols, including solvent evaporation,6

82 variation of solvent quality,22 solvent annealing,25 and
83 assembly assisted by an interface.26 Assembly of NCs
84 undergoes the basic crystallization steps comprised of super-
85 lattice nucleation21,27 and growth.28,29 Just like at the atomic
86 scale, crystalline defects may form,30 and geometric frustration
87 can influence the crystallization pathway.31−3233 Despite these
88 similarities, atom crystallization and NC self-assembly differ
89 with respect to the role of fluctuations (discrete) and the
90 influence of the environment (continuum). This is when the
91 analogy between atoms and NCs falters, thus motivating efforts
92 to adapt or re-evaluate predictive models when upscaling from
93 atoms to NCs.
94 Finally, (i) if a desired superstructure could be assembled in
95 a robust manner, and (ii) if NC interactions could assume
96 arbitrary functions34,35 and ensure electronic coupling, then
97 (iii) materials functions (properties) such as superradiance,36

98 superfluorescence,37,38 surface lattice resonance,39 and negative
99 refractive indexes,40 could be produced for society use, leading

100 to (iv) potential advances in catalysis,41−424344 electronics,45,46

101thermoelectrics,47 photonics,48,49 plasmonics,50,51 clean en-
102ergy,52−535455 and biomedicine,56−5758 among others. A
103universal strategy for designing NC cores, ligands, solvent
104conditions, and assembly protocol to produce superstructures
105with desired properties at scale for commercial applications by
106inverse methods59 could lead to technological advances
107changing the world as we know it.46,60

108The field however still faces several challenges in
109implementing NC assemblies into practical societal use. It is
110imperative to investigate and/or reexamine fundamental
111questions, particularly at the nanoscale. This includes but is
112not limited to (i) the characterization of equilibrium and
113metastability, (ii) the role of fluctuations, (iii) aspects relating
114to vitrification vs. crystallization, and (iv) the relationship
115between structure and material properties. This study identifies
116current advances and challenges in the field along the
117 f2directions discussed above, also summarized in Figure 2.
118This paper grew from discussions on these topics among the
119participants of the workshop “Nanoparticle Assemblies: A New
120Form of Matter with Classical Structure and Quantum
121Function”, held at the Kavli Institute for Theoretical Physics
122(KITP), Santa Barbara/CA, USA, from March 27 to May 19,
1232023. This study is not intended to be an in-depth literature
124review of a specific topic but rather a broader-view study
125linking different scales, fundamentals, and methods, emphasiz-
126ing open problems to inspire and push forward research in the
127field. Suggestions for specific literature review studies are given
128to the reader when necessary.

2. DESIGN OF NC CORES
129Critical for successful material assembly is the ability to design
130NC cores precisely. NCs made of noble metals (Au, Ag, Pd)
131via redox reaction,61 and of semiconductors (CdS, PbS, PbSe)
132via hot-injection methods,62 have been grown with amazing
133precision and monodispersity in the past decade. The size of
134NC cores determines the characteristic length scale of the
135superlattice constant. The shape of NC cores�that is, the NC
136habit�is partially responsible for the anisotropy of NC
137interactions (anisotropy by NC shape). Further anisotropy
138comes from interactions via, e.g., ligands with specific
139hydrogen bonds, to be discussed in a later section on
140interactions between NCs.

Figure 3. Habits of NC cores. (a) The simplest NC habits comprise spheres and polyhedra that comply with the underlying symmetry of the
crystalline structure, also known as Wulff shapes, such as octahedra, cubes, rhombic dodecahedra, and their truncations. More complex
habits that break symmetry from the underlying structure comprise (a) tetrahedra, (b) 1D and 2D shapes as nanorods, nanodiscs, and
nanoplates, (c−d) nanoframes and nanocages, (e) multiply-twinned NCs such as bitetrahedra, decahedra, decahedral nanorods, and
icosahedra, (f) branched NCs, (g) NCs with a patterned surface by the deposition of another material, and (h−i) complex-shaped habits
coming from the etching of core@shell NCs, and grown in the presence of adsorption of chiral molecules forming chiral-shaped NCs.
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141 2.1. Diversity of NC Shapes. NCs have been tailored to
142 achieve numerous crystal habits, and some shape examples are

f3 143 presented in Figure 3. These shapes include (i) NCs that
144 comply with the symmetry of the underlying crystalline
145 structure, also known as symmetry-preserving shapes, comprising
146 octahedra, cubes, and the family of cuboctahedra,63 and
147 rhombic dodecahedra64 (Figure 3a); and (ii) NCs with
148 reduced symmetry compared to the bulk crystal structure,
149 also called lower-symmetry habits, including tetrahedra65,66

150 (Figure 3a), nanorods,67,68 and nanoplates69,70 (Figure 3b),
151 and the family of multiply-twinned particles (MTP)�that is,
152 bitetrahedra, decahedra, and icosahedra66,71 (Figure 3e). The
153 solution conditions are central to the formation of the NC core
154 habit, such as the use of ligands (e.g., CTAB - cetyltrimethy-
155 lammonium bromide, PVP - polyvinylpyrrolidone) that serve
156 to cap72 or direct diffusion of precursors.73 Ions (e.g., Br−, I−,
157 Cl−) also can cap given crystalline directions.72 The insertion
158 of seeds of defined shapes overcomes nucleation barriers, and
159 depending on the chosen shape of the seed, growth follows a
160 different kinetic pathway.74 NC habits can be entrapped in
161 metastable configurations during the kinetic pathway of growth
162 by changing the environment to a stabler one by, e.g., reducing
163 temperature or changing the solution composition.
164 Further complexities can be inserted into NC habits by (i)
165 growth of a given number of branches/pods with controlled
166 size5,75−767778 (Figure 3f), (ii) patterning the surface by
167 depositing a different metal over the NC, thus creating
168 valence79,80 and Janus particles81 (Figure 3g), (iii) etching
169 core@shell NCs formed of two distinct components, enabling
170 convex pod-like shapes82,83 (Figure 3h), and (iv) chiral NC
171 habits formed by the adsorption of chiral molecules that biases
172 NC growth in a chiral way84−8586 (Figure 3i). Selective-
173 etching87,88 of some of the crystallographic directions of the
174 NC cores permits generating nanoframes (Figure 3c) and
175 nanocages (Figure 3d) that assemble into open-channel
176 superlattices,40 thus forming a tunable porous material with
177 applications in, e.g., catalysis and as a potential split-ring
178 resonator for negative refractive index metamaterials, although
179 the latter was realized only theoretically.

1802.2. Prediction of NC Habits. Great advances have
181occurred in understanding when each NC habit forms and the
182conceptual mechanisms to explain why they form.74

183Symmetry-preserving habits are well-described by geometric
184 f4construction models (Figure 4c). The classic geometric
185constructions are called (equilibrium) Wulff shapes,89,90

186which search for the solution of the surface area Aj of each
187facet j that minimizes the total surface energy Es = ∑jσjAj,
188where σj is the surface tension of each facet. Several packages
189that generate Wulff shapes are available.91,92 The Wulff shape
190construction presents several derived models, including90 (i)
191Winterbottom shapes,93 which consider the growth from a
192substrate described by the surface tension between the crystal
193and substrate in the energy minimization problem, (ii)
194Summertop shapes,94 built from two substrates, (iii) alloy
195Wulff constructions,95 for binary component systems, and (iv)
196kinetic Wulff shapes,96 to predict kinetically entrapped crystal
197habits during NC synthesis. Although crystalline growth
198velocities lead to a broader picture than surface tension, its
199estimation is substantially more challenging and requires the
200use of advanced methods97,98 commonly not implemented in
201standard particle-based simulation packages.
202The prediction of symmetry-broken NC habits is one of the
203top challenges currently faced by simulations. Geometric
204constructions cannot predict them as they jump scales from
205atomic (Å) to NC (50 to 100 nm) scales. Synthesis of
206multiply-twinned particles has received high attention in the
207past decade,66,71,99,100 and its mechanism of formation relates
208to strain accumulation that often spreads heterogeneously
209along the NC habit.90 Direct measurement of time-dependent
210strain accumulation requires 3D atomic resolution in time-
211scales compatible with the crystallization of atoms, beyond the
212limits of current measurement techniques. Detailed atomistic
213simulations (aka computer experiments) seem therefore the
214path to proving and better understanding such mechanisms.
215Molecular dynamics (MD) (Figure 4a) was extensively used
216to quantify and verify the different conceptual mechanisms
217proposed for NC synthesis.73,96,100−105 There are, however,
218some important bottlenecks in MD simulations for crystal
219growth of atoms into NCs, (i) the inability to simulate

Figure 4. Challenges in multiscale simulation of the synthesis of NC cores with defined habits. (a) Diffusion of precursors over ligand layers,
with subsequent surface hopping and attachment to the surface, requires MD to fully predict trajectories. The use of KMC allows scaling to
larger systems at the cost of the trajectory description. (b) Heat and mass transfer limitations because of the exothermic nature of
crystallization, precursor depletion, and interaction between NCs in dense populations require the solution of concentration and
temperature fields via, e.g., finite volume method. (c) Competitive growth velocities of different facets lead to the formation of different
crystal habits and are typically captured by geometric construction models.
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220 realistic-sized NCs, keeping in mind that NCs on a length scale
221 of 50 to 100s of nanometers contain tens of millions of atoms,
222 and the inclusion of a ligand layer adsorbed in their facets adds
223 simulation of many long-chained hydrocarbons (Figure 4a);
224 (ii) the complexity when inserting/removing particles from the
225 system to simulate growth/dissolution of NCs by the use of
226 grand-canonical (Gibbs) or semi-Gibbs ensembles,106 and (iii)
227 the inaccuracy of the modern force fields underpinning MD
228 simulations to describe weak long-range electrostatic and
229 dispersive interactions critical for NC formation.
230 The sampling of surface energetics via kinetic Monte Carlo
231 (KMC) to grow and dissolve atoms in the crystal lattice
232 circumvents the first two issues mentioned.70,82,83,107−110 The
233 trade-offs of KMC are (i) not predicting full trajectories but
234 only the most probable intermediate states of the kinetic
235 pathway of growth, therefore lacking in a complete description
236 of diffusion, which is key for crystallization; (ii) considering a
237 perfect lattice, thus lacking information on strain accumulation
238 due to the formation of defects and their displacement,90 or
239 lattice mismatch when growing over a seed composed of a
240 different metal,66 both related to symmetry-breaking of NC;74

241 and (iii) the consideration of a homogeneous and constant
242 chemical potential of the solution over the entire NC surface,
243 thus not capturing (iii.a) ligand adsorption depending on the
244 crystalline direction of each facet, which relates to trans-
245 formation between different Wulff shapes,63,96 nor (iii.b) heat
246 and mass transfer-limited crystallization111−113 that relates to
247 symmetry breaking by a inhomogeneous precursor supply to
248 the facets of the growing NC.114,115 Inserting such effects into
249 the prediction of growth and dissolution rates of KMC models
250 while keeping the low computational cost nature of the

251method is an important challenge to enhance the physical
252chemistry prediction capabilities of a framework able to handle
253the growth of realistic-sized NCs.
254In this sense, multiscale approaches are key. They can be
255either coarse-grained or machine-learned models to feed
256simulations of larger scales, or chained-multiscale simulations
257where outputs of smaller scales serve as inputs for larger scales.
258Important advances have been made by using density
259functional theory (DFT) to fit a coarse-grained energetic
260model that predicts the metal-organic bonding between the
261ligands and the NC core, and then used in a complete
262atomistic MD simulation of the diffusion of precursors over the
263ligand layer in facets of different crystalline directions.73,96,116

264This approach estimates the growth velocity of different
265crystalline directions linking the crystalline structure and
266energetics of NC core, ligands and solution from particle-
267based methods, to feed geometric construction models that
268predict kinetic Wulff shapes. Nevertheless, such an approach
269can only predict symmetry-preserving habits, because it still
270depends on geometric construction models. If the same
271multiscale information could be introduced into the larger
272scales using, e.g., low computational-cost KMC methods, then
273the growth of realistic-sized symmetry-broken NC habits could
274potentially be simulated.
275The community would also benefit from multiscale coupling
276with the larger scales, especially when aiming at upscaling NC
277production for society use. Mass transfer-limited crystallization
278coming from both the environment (the crystallization
279reactor) and the competition into depleting solute in a dense
280population of NCs, plays an important role in the formation of
281symmetry-broken NCs via a limited-precursor supply.114,115

Figure 5. Interactions between NCs. (a) Quantum dots forming dimers, also known as coupled colloidal quantum dot molecules24

(CQDMs). Top is a schematic illustration of the CQDM composed of two fused CdSe/CdS core/shell QDs (orange and yellow shadings
indicate the CdSe core and CdS shell regions, respectively). Bottom presents the CQDM conduction band (CB) potential energy landscape
(black) and the density of the envelope function of the first CB bonding electron state ψe

2 (blue) manifesting quantum coupling. (b) Partially
hybridized DNA strands with complementary chains bond NCs via further hybridization. (c) Polymers act in binding NC cores via
hydrophobic interactions, or (d) present anchors that bind the polymer to the NC surface (e.g., thiolate, phosphine, catechol), stabilizers
that relate to the interaction length scale between NCs (e.g., polyethylene glycol, zwitterion), and tethers that bind two polymers (e.g.
amine-carboxylic acid, azide-alkyne, carbonyl-hydrazine). (e) The ionic strength of the solution modulates interaction forces between NCs.
(f) Solutions composed of nematic hosts (e.g., nematic molecules) play a role in the alignment and structure formation of nonspherical NCs.
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282 This could potentially be predicted via the coupling of
283 concentration field models (Figure 4b) with particle-based
284 models, similar to what was recently achieved for heat transfer-
285 limited crystallization.98 Effects of ions often present in the
286 solution could be predicted by reaction-diffusion models117 to
287 estimate the local chemical potential of the solution at the NC
288 surface via, e.g., Pitzer equations118 or the electrolyte non-
289 random two-liquid (eNRTL) model.119 The latter can then
290 feed semi-Gibbs ensembles106 in KMC models.82,108,110 The
291 realization of such a multiscale framework for better predicting
292 the kinetic pathways of growth of NCs in feasible simulation
293 times is nontrivial. However, this approach will help our
294 understanding of why different NC habits form, as well as
295 potentially discovering NC habits by the use of inverse
296 methods, e.g., where the user gives a desired NC shape, and
297 the model gives the necessary conditions for growing such NC.

3. INTERACTIONS BETWEEN NCs
298 NC assembly is driven by both enthalpic and entropic effects.
299 There are different strategies to promote interactions and/or
300 bonding between NCs, (i) the hybridization of their quantum

f5 301 states (Figure 5a), (ii) by ligands with nonspecific interactions
302 (steric forces), (iii) by ligands with specific hydrogen-bonding
303 sites that induce valence in NC interactions (Figure 5b−d),
304 and (iv) by modulating solvent conditions such as electrostatic
305 forces and ionic strength (Figure 5e), by the use of nematic
306 hosts (Figure 5f), and via complex, nonadditive (many-body)
307 interactions of ligands in the solvent medium.
308 In the analogy between NCs and atoms of Figure 1, ligands
309 play a similar role to electrons. Superlattices can be held
310 together by delocalized mobile NCs.120 Similar metallization-
311 like behaviors have been observed in models of hard-shape
312 alloys, where size-asymmetric mixtures exhibit mobile small
313 particles interspersed in a stable lattice of larger particles121

314 and is reminiscent of depletion interactions in colloids.122 This
315 illustrates the relevance and promise of hard shape and other
316 simple models to provide qualitative descriptions of many
317 phases found in NC assemblies, further discussed in the
318 section on structure prediction.
319 The superatomic concept, based on the recognition of
320 electronic atom shells in atomically precise metal clusters,
321 provides a direct mapping of interatomic bonding to

322interparticle bonding.123 Entropy also suggests analogs for
323other forms of bonding. Entropic patches give rise to entropic
324bonds124 that have a quantitative behavior similar to traditional
325electron-mediated bonds, where the Smoluchowski equation
326takes the role of the Schrödinger equation in describing the
327bond.125 In all cases, the design dimensions of anisotropy/
328valence and interactions available to NCs resemble those that
329quantum mechanics ascribes to atoms, allowing the use of NCs
330as the basis of metachemical structures not seen in conven-
331tional systems.126 Understanding how metachemical structures
332are rationally perceived in the design of materials on demand is
333a grand challenge for nanoassembly engineering in the coming
334years.
3353.1. Hybridization of NC Quantum States. Wave-
336function coupling between semiconductor NCs leads to the
337hybridization of their electronic states. The analogy between
338NCs and atoms (Figure 1) becomes even more tantalizing as
339such wavefunction coupling leads to artificial molecules of
340importance to creating a library of hybrid nanostructures with
341different optoelectronic properties, with relevance to applica-
342tions that include quantum technologies.24

343The realization of artificial quantum molecules with
344sufficient coupling energy detectable at room temperature is
345a promising use of QDs. This can be achieved by conducting
346ligands or by the fusion of adjacent NCs to form a continuous
347inorganic bridge linking the neighbors (Figure 5a). The
348controlled bridge and the barrier height between two adjacent
349quantum dots are key variables for dictating the magnitude of
350the coupling energy of the confined wavefunctions.
351The proof of concept is the formation of the simplest NC
352molecule, a homodimer formed from two core/shell NCs in
353analogy to a homonuclear diatomic molecule.127 The shell
354material of the two NCs is structurally fused resulting in a
355continuous crystal. The direct manifestation of the hybrid-
356ization reflects on the band edge transition shifting towards
357lower energy (Figure 5a) and is resolved at room temperature.
358The hybridization energy within the single homodimer
359molecule is strongly correlated with the degree of structural
360continuity. The barrier is affected by (i) the original shell
361thickness, (ii) the original core/shell building blocks, (iii) the
362relative orientation of the two core/shell building blocks, and
363(iv) the extent of neck filling.128

Figure 6. Depiction of soft shells over NC hard cores. (a) Schematic of a hard core particle with a soft polymer brush or polymer gel shell
that is thick relative to the core diameter. (b) Gradients in core curvature result in local variations in brush thickness h (blue dashed line)
when compared to a flat brush of thickness hfl (magenta dashed line). (c) Interactions between brushes give rise to an interpenetration zone
of thickness hinter and a dry zone of thickness hdry. (d) Brushes composed of different polymer lengths lead to layers of thickness hA and hB −
hA with different compositions. (e) A shell composed of a temperature-responsive polymer can change in thickness, e.g., conforming to a
potentially anisotropic core above a lower critical solution temperature. (f) Two-body interactions of an elastic shell involve a combination
of compressive and expansive deformations (left). Many-body interactions involve more complex deformations and changes in contact
surfaces (right). (g) Equilibration involving mass (solvent) exchange can lead to coexistence between particles of different volumes, resulting
in different crystal phases, e.g., transitioning from a hexagonal lattice (top) to a square lattice (bottom).
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364 The challenges ahead lie in gaining higher degrees of control
365 over the architecture of colloidal quantum dot molecules
366 (CQDMs). Firstly, the ability to fabricate robust heterodimers
367 at a high chemical yield. This calls for the development of
368 selective methods to form preferentially or even exclusively A-
369 B type heterodimers, without the undesired formation of A-A
370 and B-B homodimers. The use of selective click-chemistries
371 provides a promising path forward. An additional challenge is
372 having a method to make dimers on demand with the desired
373 alignment between adjacent NC facets in the assembly. Such
374 control needs to ensure domination of attachment during the
375 fusion step, typically performed at moderate to high temper-
376 ature, thus leading to well-defined crystalline connections
377 between the adjacent NCs.
378 Fabrication of linked and fused NCs is of direct relevance to
379 achieving hybridization of quantum states of superstruc-
380 tures.129,130 Controlled fusion of such extended artificial solids
381 was demonstrated for Pb-chalcogenides NCs,129,131 and
382 extension to less soft and hard QD, in particular those of
383 technological relevance for II-VI and III-V semiconductors, will
384 enable facile conductivity pathways.
385 3.2. Soft Shells of Long Polymers. 3.2.1. Polymer
386 Brushes. Polymer brushes have long been used for steric
387 stabilization of colloidal particles and, like other types of
388 ligands, have been used to tune interactions in NC
389 assemblies.11,12,132−134 Established theories of polymer
390 brushes135−136137 do not account for (i) reduction of brush
391 height to h R h R/ (1 3 / ) 1fl

1/3= , leading to variations
f6 392 with curvature (Figure 6b), where hfl is the brush height for a

393 flat monolayer, (ii) the existence of an end-exclusion zone
394 devoid of polymer ends next to the NC core, and (iii) the
395 increase in chain tension near the grafting surface.138−139140

396 These effects are important in NC assemblies, and experiments
397 aimed at quantitative testing for them are, to a large extent, still
398 absent. Furthermore, the effective hard shape of a polymer-
399 functionalized NC, including its effective diameter, that
400 determines important properties such as the lattice constant
401 in NC assemblies, critically depends on accounting for these
402 effects.
403 Solvent-free melts of polymer-grafted NCs have to
404 compromise the requirement that grafted chains fill space vs.
405 the reduced ability of adjacent brushes to interpenetrate141

406 (Figure 6c). Sparsely-grafted NCs exhibit highly directional
407 interactions leading to anisotropic superstructures,142 while
408 densely-grafted NCs can form simple or glassy liquids
409 depending on the density of the graft and the length of the
410 chain.143 These jammed states can be relieved by adding free
411 polymers, which populate the interstitial pockets between
412 particles, resulting in materials with highly selective transport
413 channels, with applications in gas-separation membranes for
414 mixtures of, e.g., CO2/CH4 and He/H2.

144,145 However, it
415 remains quite challenging to construct simple but sufficiently
416 accurate models to predict the material properties of these
417 inhomogeneous systems, as simple analytical free energy
418 models often fail.145,146 More advanced mean-field theoretical
419 frameworks may be able to address this challenge, to be
420 discussed in a later section.
421 Variation of chain statistics with distance creates a depth
422 gradient in the ligand density. When combined with curvature-
423 induced variations and tension, careful design of depth
424 gradients in polymer brush properties provides a versatile
425 way of controlling NC interactions. Moreover, nonspherical

426cores give rise to brush environments that depend on both the
427mean and Gaussian curvatures of the particle.147 The
428dependence of brush properties on surface gradients in grafting
429density and curvature remains an open problem in polymer
430physics. Moreover, the polydispersity of chain lengths can give
431rise to additional structures in brushes, namely the segregation
432of long and short polymers into different layers148−151 (Figure
4336d). This can also be used in favor of tuning NC interactions.
434Many open questions regarding the effect of polydispersity
435in curved brushes remain. There are examples152 where the
436assembly is not affected by polydispersities leading to up to
43725% variations in the effective diameter of the NC. The ability
438of these highly dispersed systems to produce uniform
439superlattices was attributed to the greater polymer configura-
440tional freedom enabled by their curvature. The universality of
441this effect however needs to be assessed by further work.
442The NC core shape has a nonlocal effect on brush
443properties, chain statistics, and brush interactions, which is of
444importance to tune properties. To what extent this is possible
445is an open issue and highlights fundamental questions in the
446basic statistical physics of how polymers and polymer brushes
447fill space. The interpenetration of two polymer brushes alters
448the local density of the monomers within a brush, modifying
449packing conditions elsewhere. Consequently, the nonlocal
450character of this alteration in chain-packing conditions changes
451the degree to which additional brushes can interpenetrate the
452shell. This leads to effective many-body interactions that have
453been modeled for shorter ligands,153 but it remains unclear
454how to extrapolate these models to long brushes.
455Changes in brush solubility permit large, in situ changes in
456NC interactions. For example, a swollen polymer brush shell
457increases the distance between cores. Since swollen polymer
458brushes allow for greater interpenetration from surrounding
459brushes, the resulting interaction is softer. Thus, a swollen
460polymer brush screens neighboring NC cores more effectively.
461Conversely, when a polymer brush collapses (Figure 6e), it
462forms a dense, thin, and stiff shell around the core, reducing
463screening. Altering the brush configuration can stabilize
464superstructures during drying, allowing the formation of free-
465standing assemblies.154 This can even drive martensitic phase
466transitions, where structural defects arise to compensate for the
467compaction observed in polymer contraction.155

4683.2.2. Core-Shell Nanogels and Microgels. Nano- and
469microgels are soft, deformable objects with an internal gel-like
470structure that consists of chemically and/or physically cross-
471linked polymer chains13 (Figure 6a). The total dimensions of
472such gels reach hundreds of nanometers for nanogels, and up
473to tens of micrometers for microgels. When using an
474appropriate solvent, microgels are swollen by large amounts
475of solvent molecules, making their physical classification
476nontrivial. The properties of microgels range somewhere
477between those of classical macromolecules, surfactants, and
478colloids.156 Whereas the decoration of NCs with linear
479polymer chains (e.g., polymer brushes) is limited to rather
480small shell thicknesses, the encapsulation of NCs by microgel
481shells extends to larger length scales because of its cross-linked
482nature.157 This is relevant for designing close-packed NC
483assemblies where the thickness of the shell and its compression
484state determine the distance between NCs.158

485There are many open questions regarding the interactions
486between gel-grafted NCs. As microgels are cross-linked
487polymer networks, their response to deformation is charac-
488terized by a shear rigidity that polymer brushes and other
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489 grafted ligands lack. Consequently, contact interactions
490 between gel-grafted particles involve nonlocal deformations
491 of the shell as a whole, oppositely to the localized
492 interpenetration layers as in brush-grafted NCs. This is a
493 result of the long-range character of elasticity in rigid materials
494 and is particularly important for situations where the internal
495 stresses in the assembly are comparable to the stiffness scale set
496 by the elastic moduli of the gel, which altogether can lead to
497 large deformations. Large-deformation contact mechanics
498 involve nonlinear elastic effects beyond those captured by
499 typical Hertzian contact mechanics, requiring advanced
500 computational methods. Beyond the complexities of pairwise
501 interactions, the nonlocal character of shell deformations leads
502 to multi-body interactions (Figure 6f). These depend on a rich
503 interplay between the nonlinear elasticity of individual shells
504 and changes in contact surface geometry and topology between
505 multiple NCs.159,160 In the many-body limit, particularly in the
506 case of close-packed assemblies, long-range elasticity leads to a
507 situation in which gel shells form an essentially continuous soft
508 gel matrix with NC cores as inclusions, resulting in a composite
509 material with distinct mechanical and rheological properties.161

510 A further challenge is the cross-link density gradients of
511 nano- and microgels leading to a distinct swelling response.162

512 The ability to design and prescribe spatial distributions of
513 cross-links may nevertheless be useful in crafting targeted
514 contact interactions between NCs. Moreover, patterned cross-
515 link gradients have proven to be a useful tool for the design of
516 macroscale, soft, shape-morphing materials,163 prompting the
517 question of whether such patterning may be useful for the
518 design of shape-morphing NCs. However, patterning nanoscale
519 variations in cross-link distributions in gels in a way that is
520 scalable remains an open challenge.
521 Even without cross-link density patterning, shape change
522 may be achieved by grafting a gel with a large swelling response
523 to the surface of a non-spherical core, so that the swollen shell
524 is roughly spherical and the de-swollen shell conforms to the
525 nonspherical hard core (Figure 6e). While a similar effect can
526 be achieved with a polymer brush, gels and other residually-
527 stressed materials that are grafted to rigid surfaces can undergo
528 elastic buckling under changes in the swelling state.164,165

529 These buckled states have a reduced symmetry compared with
530 that of the unbuckled states, potentially augmenting the shape
531 design space of these NC materials. Incorporation of
532 buckling�that is, of mechanical instability�has long been
533 of interest to the design of mechanical metamaterials, due in
534 part to the multistability of broken-symmetry, buckled states.
535 Introducing such multistability into NC assembly via the
536 buckling of gel shells may give rise to bulk emergent effects
537 seen in other metamaterials, such as auxeticity,166,167 as well as
538 a way of actuating transitions between crystal structures.
539 The deformability of soft shells, which permits the control of
540 NC assembly, also gives rise to several challenging open
541 questions related to the interplay between shape change and
542 many-body interactions. The ability of a particle to change
543 shape in response to confinement by other particles creates
544 effective multivalent NC interactions, especially when the
545 deformation is coupled with the functionalization of the soft
546 shell. An example is when contact-induced deformation or
547 polymer interpenetration leads to the exposure of different
548 binding motifs due to the insertion of ligands within the soft
549 shell. Beyond contact interactions, which involve redistribution
550 of mass within a single NC shell, there is an additional
551 possibility of mass exchange between NCs, which has been

552shown to play an important role in stabilizing ordered phases
553in certain assemblies.168 One example is the exchange of
554solvent between gel-grafted particles, which is necessary for
555osmotic equilibrium. Changes in the osmotic equilibrium give
556rise to variations in the swelling state of the gel. Microgels have
557been shown to take advantage of solvent or ion exchange to
558heal lattice defects caused by size polydispersity, and gel
559swelling or de-swelling.169 Interestingly, polyNIPAM-based
560gels can have multiple coexisting swelling states at a single
561osmotic pressure.170−172 This permits harnessing multistable
562osmotic equilibria to stabilize additional crystal structures that
563are not usually accessible to monodispersed particles (Figure
5646g). Examples include complex Frank-Kasper crystal structures,
565which have been shown to be stabilized by mass exchange
566between multiple lattice sites in block copolymer systems.173

5673.3. Ligands with Specific Hydrogen Bonds. The use of
568ligands with tether groups (Figure 5d) at the end of the ligand
569chain addresses directional interactions in a way that cannot be
570achieved by steric, ionic, or van der Waals interactions. Tether
571interactions often occur by hydrogen bonding of specific sites.
572These sites present a geometric disposition where bonding is
573always stronger once meeting its complementary tether.
574Nevertheless, hydrogen bonds are weak by nature, and
575therefore bonding of noncomplementary tethers is reversible,
576permitting structure healing. These interactions lead to the
577robust assembly ideal, based on two universal aspects, (i)
578preprogrammed heterogeneous nucleation, ensuring that
579intermediates grow as determined by the current properties
580of the solution, so growth does not result in a pool of mutually
581incompatible precursors of the desired superstructure and that
582there are enough building blocks (NCs) to build it, and (ii)
583cooperative binding, ensuring that any added building block is
584guaranteed to bind to its correct spot, thus implementing a
585form of error correction.
586The most prominent ligand that tackles the ideal of robust
587assembly is deoxyribonucleic acid (DNA), where a sequence of
588the four nucleobases�namely adenine (A), cytosine (C),
589guanine (G), and thymine (T), represented by different colors
590in Figure 5b�bond with their complementary nucleobases.
591There are however other successful strategies that offer
592advantages in scalability, lower cost, and operation in organic
593solvents, such as nanocrystal tectons and interpolymer
594complexation.
5953.3.1. DNA Ligands. Single- and double-stranded DNA
596chains are widely used as ligands to direct the self-assembly of
597NCs16,17,174,175 and permit programming intercomponent
598interactions via addressable bonds.176−179 Nonhybridized
599ACGT nucleobases of DNA dangle at the end of the DNA
600chains and, once they find their complementary partners,
601hybridize leading to attractive interactions between NCs.
602Highly specific molecular-level instructions to direct inter-
603particle binding also exist in ligands other than DNA. Other
604classes of biomolecules, including nucleic acids, proteins, and
605peptides,180−187 also incur multiple types of orthogonally
606interacting bonds that can be defined explicitly.174,175,188−192

607DNA ligands are nevertheless attractive in the field of NC
608assembly due to (i) the chemical stability of DNA and the
609ability to functionalize DNA with different chemical groups,
610(ii) its predictable description of sequence-encoded inter-
611actions, (iii) the ability to control entropic and mechanical
612properties of DNA chains through its single- and double-
613stranded composition, and (iv) its structural plasticity.176,177

614Besides DNA used as a ligand shell around the NC core, DNA
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615 can also be folded without an NC core to engineer complex 2D
616 and 3D shapes (scaffolds), a technique known as DNA
617 origami.193−211 Recently, both techniques of DNA-grafted NCs
618 and DNA-shaped nanoarchitectures were merged to co-
619 assemble 3D organizations.212,213

620 A fundamental challenge in using DNA ligands regards the
621 collective effect of DNA chains resulting in many-body
622 interactions.214 Complex DNA shells can lead to intricate
623 assembly pathways that inhibit crystallization, making it
624 difficult to predict the resulting phase. Studies uncovering
625 the phase behavior of DNA-grafted NC assemblies were
626 tackled both theoretically and experimentally.181,215−218

627 Recent advances demonstrated that DNA shells of spherical
628 nanoparticles can be rationally designed with prescribed
629 interaction potential by tailoring the rigid and flexible parts
630 of connecting DNA chains and their hybridizing motifs,219

631 leading to the assembly of non-closed packed structures. This
632 permits future lattice engineering via DNA shell design.
633 Challenges still remain in (i) prescribing a shape of the
634 interaction potential via DNA motifs and shell composition,
635 (ii) understanding how many-body effects affect local particle
636 arrangements, and (iii) the results of these factors on the
637 assembled phase.
638 Interactions between NCs also depend on the placement of
639 DNA at different parts of the NC surface, that is, on the edges
640 or facets of the NC core. This results in complex hybridization
641 behavior of the DNA shells, where the chains seek the
642 maximization of the hybridization area while satisfying entropic
643 effects for both ligand chains and NC cores. The interplay of
644 these effects results in complex phase behaviors of systems with
645 single and binary particle shapes.40,216,220−225

646 While there is significant progress in establishing predictable
647 assembly in DNA-grafted NCs, it is difficult to use this
648 approach broadly for technological applications as particle
649 characteristics (e.g., the habit of the NC core, the DNA shell,
650 and grafting density of DNA ligands) determine the assembled
651 structure, significantly limiting the range of ordered arrays that
652 can be achieved. This can however be overcome by utilizing
653 DNA scaffolds that prescribe placements of NCs. Complex
654 surface scaffolds using DNA tiles and DNA origami202,226 that
655 self-assemble into desired patterns can provide addressable
656 affinity for NCs at specific locations,195 although this approach
657 is currently limited to 2D assemblies.
658 Controlling the behavior of 3D assembly can be achieved by
659 the integration of DNA-grafted NCs and DNA nano-
660 architectures.213,227−229 In this approach, NCs are provided
661 with defined directional interactions by encapsulating them
662 into polyhedral wireframes made of DNA. This strategy
663 significantly decouples the assembly process from the NC
664 properties thus expanding the range of assembled structures,
665 since NCs act as a nanocargo in a frame, forming a material
666 voxel.212 Assembly is therefore predominantly driven by
667 directional, interframe hybridization interactions. Such inter-
668 actions are encoded by DNA strands at predefined locations of
669 the frame, such as its vertices. This method drastically expands
670 assembly, since it relies on the valence of the frame. More
671 studies will be required to explore the molecular-level details of
672 the influence of DNA in the crystallization of frames and their
673 phase behavior. Recent work230 revealed different types of
674 defects in 3D DNA-grafted NC assemblies, and future studies
675 should explore how the occurrence and type of defects depend
676 on the design of assembled components and the assembly
677 pathways.

678Selecting a voxel shape and the placement of interframe
679DNA bonds define the valence and geometry of binding
680arrangement and, consequently, an assembled DNA frame-
681work. For example, the 4-, 6-, and 8-fold symmetries of the
682individual voxel bonds80,202,212,231−234 result in diamond,
683simple cubic, and body-centered cubic frameworks, providing
684different 3D scaffolds to place NCs. By adding a bond identity
685to the valence when using different sequences, or a
686composition of a number of sequences for different directional
687bonds, a higher degree of structural diversity is
688achieved.191,232,235 This approach permits (i) coordinating
689different types of frames, empty or with cargo, to create
690increasingly complex organizations,226,232,236 and (ii) establish-
691ing an inverse design of lattices through the selection of bonds
692with different identities for a set of voxels. However, the
693requirements of the bond encoding and their energy
694distribution for an effective assembly process are unknown.
695Relevant questions remain on (i) how to reduce the amount of
696information required for the inverse design of such systems,
697and (ii) which energy landscape of the bonds provides an
698assembly pathway with minimal metastability in such complex
699systems.
7003.3.2. Nanocomposite Tectons and Other Ligands.
701Hydrogen bonds provide a powerful bonding mechanism
702between polymer-grafted NCs, being the most prominent
703example DNA-mediated assembly discussed in the previous
704section. There are however other successful strategies that offer
705advantages in scalability, lower cost, and operation in organic
706solvents.
707Nanocomposite tectons18,19 (NCTs) are one important
708example that consists of an NC core functionalized with a
709polymer brush, where each polymer chain terminates in a
710supramolecular binding group, also called tether (Figure 5d).
711The highest quality crystals are typically obtained with NCTs
712that bond via complementary diaminopyridine (DAP) and
713thymine (Thy) groups that form a hydrogen-bonding pair. The
714reversible nature of the individual supramolecular interactions
715is a critical design component to enable crystallization. The use
716of multivalent interparticle bonding mediated by these
717supramolecular complexes between particles allows for crystal
718formation, thus providing an example regarding the rules for
719robust assembly discussed in the previous section.
720NCTs present an interesting tool for assembly, as the
721composition and length of the polymer brush and the identity
722of the supramolecular complexes provide design handles to
723tune the crystallization behavior. The scalability of the polymer
724system also allows a wider range of experimental variables and
725conditions to be explored, as well as the investigation of larger-
726scale effects on nanoscale assembly.154 Furthermore, passiva-
727tion of DAP or Thy results in an NC functionalized with a
728nonspecific polymer brush,237 thus representing an interpola-
729tion that may optimize pros and cons of NC bonding by
730polymer brushes and DNA-mediated assembly discussed in the
731previous sections.
732Another example of polymers interacting through hydrogen
733bonds is interpolymer complexation (IC), where a hydrogen-
734bond acceptor (e.g., polyethylene oxide) is functionalized to an
735NC, whereas a hydrogen-bond donor (e.g., polyacrylic acid) is
736suspended in a water solution providing a bond linker.20 NCTs
737and IC however do not yet provide the level of
738programmability of DNA. Future efforts will require the
739development of hydrogen-bond polymers that retain the
740significant advantages of these examples while enabling more
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741 sophisticated programmability that can rival the successes
742 achieved in DNA assembly.
743 3.4. Solvent Effects. 3.4.1. Electrostatic Forces and Ionic
744 Strength. Long-range Coulomb interactions are screened by
745 the ionic strength of the solvent and controlled through
746 variations in both the salt concentration and the dielectric
747 constant of the solvent. These effects provide a method to
748 finely control NC interactions (Figure 5e). A recent strategy
749 shows that metal (e.g., Au, Pd, Ni) and semiconductor (e.g.,
750 PbS, PbSe) NCs assemble into face-centered cubic (fcc)
751 superlattices in the presence of the large ionic strength
752 provided by multivalent salts,21 with the high dielectric
753 constant of the NC material generating image charges and
754 ionic condensation near the NC surface.27 A second
755 approach238 combines charged colloidal NCs and small
756 molecules with multiple opposite charges, e.g., positively-
757 charged Au NCs and negatively charged citrate ions.238 This
758 approach has recently been generalized to mixtures of
759 positively and negatively charged NCs, leading to the
760 formation of binary NC superlattices. A third approach
761 consists of NCs functionalized with polyethylene glycol
762 (PEG), including modified PEG with charged end-groups,239

763 where the competition between hydrogen bonds and electro-
764 statics leads to 2D and 3D superstructures.240−242 For μm-
765 sized colloids, organic solvents with a low dielectric constant
766 induce assembly at small salt concentrations.243,244

767 Several effective Yukawa-DLVO-like interaction potentials
768 have been proposed in the literature to model charged NCs/
769 colloids in the presence of monovalent ions.245−248 Developing
770 accurate potentials to describe NC interactions within implicit
771 solvent models nevertheless remains a challenge. The finite
772 element method (FEM) solves integral equations of the
773 primitive model surrounding a spherical macroion with an
774 arbitrary number of ionic species, including ion correlations,
775 ionic excluded volume effects, and large size and charge
776 dispersities. Nevertheless, there remain critical disagreements
777 between theory and experiment regarding, e.g., interactions
778 between rods, which requests more complex models.249 For
779 instance, conformational degrees of freedom of ligands are
780 difficult to describe within primitive models. The development
781 of models that explicitly describe water250 is key to moving
782 beyond primitive models in electrostatic interactions. Machine-
783 learned potentials trained on first-principle computational data
784 may provide a promising path forward, to be discussed later in
785 this article.
786 3.4.2. Many-Body Interactions of Ligands. Nonadditive251

787 and many-body effects252 exist in a vacuum and can also arise
788 from solvent molecules that remain within assemblies. During
789 the assembly of, e.g., ultra-thin nanowires,253 they affect the
790 spacing and structure depending on their molecular packing.
791 Ligand fluctuations also lead to anisotropic geometries that
792 influence the apparent physicochemical properties of the ligand
793 shell by exposing different functional groups to the solvent or
794 by increasing the amount of surface area accessible by the
795 solvent.254,255 In an aqueous solution, disruptions of the
796 hydrogen bond network of water at the interface due to ligand
797 fluctuations can manifest as changes in hydrophobic
798 interactions that are nonadditive and difficult to anticipate
799 from the chemical structure alone.256−258 Similarly, ion-
800 mediated interactions can drive anisotropic interactions
801 between particles in solution259 or lead to anisotropic shell
802 structures.260 It is already possible to account for the effects of
803 molecular transitions in the shell261,262 and solvent effects

804including mixtures on the interaction between apolar
805NCs.263,264 The quantification of effects related to assembly
806kinetics on the final free energy minima, and dependence on
807perturbations of the structure of the ligand shell in complex
808solvent environments is however yet to be established.
809There are important open questions about the spatial
810distributions of ligands on the NC surface and the role of
811unbound ligands. In some cases, the dynamic equilibrium
812between surface-bound ligands and those in solution may
813become relevant. Some popular families of ligands bind
814strongly, such as ligands with thiol end-groups on gold
815NCs265,266 (Figure 5d). They establish essentially complete
816surface coverage, with limitations primarily determined by the
817molecular shape of the ligand species, except in extremely
818diluted conditions. Other ligand end-groups (e.g., amines)
819present a weaker binding, with binding free energies on the
820order of kBT or less. NC interactions display sensitive
821dependencies on the NC and ligand concentrations, temper-
822ature, and solvent quality267 in the presence of these weakly
823binding ligands. In addition, excess ligands in the solution can
824play an important role during assembly and remain in the final
825dried superstructure.268 Understanding these effects requires
826joint efforts in molecular simulation and experimental
827characterization of NC assemblies.
828Another challenge is to anticipate the behavior with the
829increasing complexity of ligand architectures. Most simulation
830studies focused on molecular shells composed of linear alkanes,
831which exhibit well-established order-disorder transitions as a
832function of temperature, alkyl chain length, and particle size.
833Even in those simple systems, the physics of dispersion at
834temperatures below the ligand order-disorder transition, where
835ligands bundle and relaxation times increase, remains to be
836understood. Significantly more complex ligand structures, such
837as ligands that include branched groups or many unsaturated
838bonds, disrupt chain packing in significant ways255 and
839critically influence the stability of the NC assembly.269 Ligands
840with multiple chemically distinct segments can lead to apparent
841spatial variations in chemical properties.270 NC shells can be
842synthesized with a mixture of multiple ligands (small molecules
843or polymers),271−273 enabling tuning of NC-NC interactions,
844e.g., for the formation of patchy particles.
845The interplay between ligand coverage, NC shape, and
846interparticle interactions is also an open problem. NCs can
847have facets of different crystalline orientations, each with a
848distinct affinity to the ligands.274 This can result in different
849ligand densities on different facets, even for a single ligand
850type, and more complex behavior can arise for mixtures of
851ligands with different binding groups or tail chemistry and
852molecular structure. There is evidence that such ligand
853partitioning between NC facets can be exploited to direct
854assembly via patchy facet-specific interactions, either with a
855substrate275 or other NC,276 but the full extent of this potential
856remains to be explored.
8573.4.3. Liquid Crystal Solvents. Liquid crystal solvent media
858permits other ways of controlling NC assemblies23,277−282

859(Figure 5f). NCs induce deformations in the liquid crystal
860described by its multipole expansion.23 Such a description
861introduces an analogy with electrostatics, where the molecular
862alignment (director field) deformations play a role similar to
863that of electrostatic charge distributions. By controlling NC
864shape and surface boundary conditions, multipoles ranging
865from dipoles to hexadecapoles can be obtained experimentally
866and modeled theoretically.23 Design rules come from analogy
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867 to electrostatics. When (i) the highly anisotropic interactions
868 mediated by nematic orientational elasticity are further
869 supplemented by (ii) electrostatic repulsions and various steric
870 interactions while (iii) taking advantage of anisotropic NC
871 shapes, then (iv) a large variety of molecular-colloidal
872 condensed matter phases can arise, including various low-
873 symmetry crystalline and liquid crystalline nanocolloidal
874 phases such as triclinic crystals and monoclinic nematic liquid
875 crystals.23,277,278,280−282

876 Dispersing NCs in a nematic liquid crystal has already
877 yielded fundamental breakthroughs in realizing condensed
878 matter assemblies. It enables low-voltage electric switching of
879 various nanocolloidal systems, such as silver nanoplates,283

880 which promise technological utility in controlling solar gain of
881 smart windows. Current ongoing efforts and challenges in
882 utilizing this liquid crystal-enabled approach of assembly
883 include (i) establishing the relations between shapes/
884 symmetries of NCs and the ensuing mesophases that can
885 arise from their self-assembly in nematic hosts, (ii) the
886 assembly of lowest symmetry chiral and triclinic nematic
887 phases with uninhibited fluidity, and (iii) the development of
888 robust means for electric or magnetic reconfiguration of
889 orderly NC assemblies within nematic hosts.
890 The global liquid crystal industry is over one trillion USD
891 per year and is mainly based on electro-optic uses of uniaxial
892 nematics. Its further growth can be propelled by phases and
893 properties designed and realized by combining the different
894 symmetries of partially ordered NC assemblies with that of the
895 anisotropic fluid host, such as the conventional liquid crystals
896 used in displays. The interplay of the ordering of anisotropic
897 NCs and molecules will allow the development of highly
898 orientationally ordered, low-symmetry liquid crystals with
899 emergent physical behavior of facile responses to external
900 stimuli and properties not yet encountered in currently
901 available materials. On the other hand, the topology of diverse
902 solitonic field configurations in low-symmetry nanocolloidal
903 systems permits hierarchical designs enabled by NC
904 assemblies, where topological solitons such as skyrmions and
905 hopfions284 define spatial configurations of NC orientations.

4. ASSEMBLY PROTOCOLS
906 The design of assembly protocols includes the optimization of
907 process parameters that determine a desirable superstructure.
908 Of particular importance is controlling dynamics during
909 assembly. NCs must not move too much or interact too
910 weakly; otherwise, assembly does not occur, and the system
911 remains in a disordered, fluid state. NCs must also not interact
912 too strongly, to avoid irreversible aggregation. Strategies to
913 achieve robust and large-scale NC assembly consist of varying
914 temperature (annealing), varying concentration via solvent
915 evaporation, changing the fluid composition, and utilizing
916 interfaces as a means to induce or guide assembly are all
917 valuable. Other techniques employ external fields, like
918 electrophoretic deposition, a combination with top-down
919 approaches, or are inspired by biological systems.
920 4.1. Controlling NC Kinetics. Slow or non-ergodic
921 dynamics caused by strong NC attractions can be problematic.
922 In particular, the intrinsic sensitivity of effective NC-NC
923 interactions may prevent reaching equilibrium in multivalent
924 ligand suspensions, such as those with DNA-mediated and
925 other valence-limited colloidal interactions driven by temper-
926 ature,285 often resulting in arrested aggregates. Another factor
927 that slows kinetics is related to the stickiness of the multivalent

928interactions. Sticky interactions prevent pairs of NCs from
929diffusing around each other while remaining bound, which is a
930key step for the relaxation of crystal defects.
931To improve assembly, it is essential to have access to
932strategies that accelerate NC kinetics. The relative diffusion
933between bound NCs can be improved using high ligand
934coating density,190 which increases the melting temperature (as
935a result of combinatorial gain) and the rates at which pairs of
936ligand-receptor bridges form/open.286,287 General computa-
937tional approaches optimize interactions for model systems,288−

938
290 but a comprehensive understanding of how molecular

939details affect the emerging motility of functionalized particles
940remains missing and warrants future investigations. The
941electronic properties of the relevant building blocks may also
942provide an avenue for further optimization and control. In the
943case of atomically precise superatomic NCs,291 the use of
944dopants can change the electronic character and symmetry of
945the molecular valence orbitals and thus change the nature of
946these interactions.292 Many experimental efforts have now
947demonstrated the electronic tunability of these building
948blocks.293 The relative motility of NCs is also pivotal to the
949development of dynamic materials, such as crystals glued by
950mobile NCs.120

951Empirical protocols of NC assembly that slowly decrease
952and increase temperature have been widely used. It is therefore
953necessary to understand how to optimize protocols and to
954identify general principles that guide the choice of cooling
955rates. At the next level, it would be crucial to embed protocols
956with on-the-fly feedback to scan parameter spaces autono-
957mously. Advances in this direction have been made, for
958example, in experiments studying microphase separations in
959block copolymer systems.294 Similarly, theoretical work has
960explored the optimization of experimental protocols for
961assembly using reinforcement learning.295,296

9624.2. Varying Solvent Conditions. The most common
963assembly protocols consist of changing the interaction between
964NCs by modulating solvent conditions. Solvent-induced self-
965assembly has been demonstrated in various systems, offering
966control over NC assembly and disassembly and, in some
967instances, reversibility.22,297 Additionally, advances have been
968made in assembling NCs with complex morphologies, such as
969Janus NCs.298 Dynamic self-assembly using solvent gradients
970and localized solvent addition has also been explored,299−301

971leading to the formation of patterned NC films.302 To further
972advance in NC assembly, it is crucial to understand the role of
973surface ligands,303 especially in those systems where a single
974NC can host a multitude of ligands,304 as well as balancing
975attractive van der Waals interactions and steric repulsion.
9764.2.1. Assembly by Solvent Evaporation. Solvent evapo-
977ration is a strategy to assemble at near-equilibrium conditions.6

978The initial state is usually a stable dispersion, and the final state
979is solvent-free (dry). If solvent evaporation is slow enough,
980then it may be regarded as a quasi-static process, i.e., a
981succession of equilibrium states at the particular solvent
982concentration. This is conceptually similar to hard shape
983systems, where crystallization occurs as the particle concen-
984tration increases, achieving a given packing fraction�
985approximately 50% for spheres. Long relaxation times might
986however occur due to activation barriers, and non-equilibrium
987effects are relevant.
988Solvent evaporation starts from a dispersion in which an NC
989core is stabilized by soluble grafted ligands. Methods include
990 f7spray drying, evaporation of emulsions (Figure 7a, top), and
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991 drying on solid (superamphiphobic) surfaces305−310 (Figure
992 7a, bottom). When the dispersion dries on a solid substrate,
993 NCs typically assemble into 3D superlattices, which exist as
994 grains in a continuous film or as isolated faceted crystals.311

995 Alternatively, solvent evaporation at the air-liquid interface312

996 results in extended 2D superlattices, whose width is within 100
997 nm in a single NC monolayer. With single-component NCs,
998 the structures are fcc or body-centered cubic (bcc),313,314

999 although there is evidence for a C14 phase, also named
1000 MgZn2,

315 but its stability is not fully characterized. Assembly
1001 at the air-liquid interface enables the subsequent exchange of
1002 ligands in the NC monolayer, leading to epitaxially-connected
1003 NCs.129,131,316 Including two or more types of NCs leads to a
1004 large number of different crystal317,318 and quasicrystal319,320

1005 phases. Although most solvent evaporation examples consist of
1006 NCs grafted with relatively short ligands, there are examples
1007 with dendrimers321 and long polymers such as polystyrene.237

1008 Solvent evaporation is a confined process that involves
1009 thermodynamic and transport phenomena of disparate length

1010and time scales, thus requiring the development of theoretical
1011concepts beyond traditional equilibrium frameworks.322 Addi-
1012tionally, NC interactions can change over time during drying.
1013For example, electrostatic interactions become screened with
1014increasing salt concentration,323 or the (effective) solvent
1015quality worsens as the composition changes.324 Depending on
1016processing parameters such as the evaporation rate or the
1017annealing protocol, the emerging structures might get
1018kinetically trapped before reaching equilibrium.307,325 In NC
1019mixtures, changes in NC interactions can theoretically cause
1020transitions between binary superlattice formation and demix-
1021ing, which relate to the formation of assemblies of different
1022textures within the same evaporating emulsion.326

1023The case of fast evaporation rates (quantified by large Pećlet
1024numbers) is relevant and is encountered in colloidal
1025suspensions307,308 and during drying.327 Intricate kinetically
1026trapped structures might emerge, such as composition
1027gradients in multicomponent droplets308,328 with highly
1028tunable optical properties.329 Although the driving force

Figure 7. Assembly protocols for synthesis of superstructures composed of NCs. (a) Assembly by solvent evaporation inside half-opened
vials (top) and drop cast (bottom). (b) Assembly by changing the solvent quality. (c) Assembly with the assistance of a fluid interface that
induces ordering. (d) Electrophoretic deposition, that is, assembly induced by an electric field. (e) 3D printing of superstructures using NCs
as the ink, where a focused light beam activates a reaction that bonds two NCs. (f) Assembly activated by an external stimulus.

Figure 8. Models of solvent evaporation with increasing level of coarse-graining. (a) All-atom simulations showing structure with
icosahedron symmetry. Reprinted in part with permission from ref 336. Copyright 2019 Royal Society of Chemistry. (b−d) Simulation
snapshots of hard spherical NCs (red) in a drying film, modeled with explicit (b), mesoscale (c), and implicit (d) solvents (blue). The
dashed black line in (c, d) indicates the liquid-vapor interface. (e) 2D lattice-gas simulation. Reprinted in part with permission from ref 340.
Copyright 2006 John Wiley & Sons - Books.
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1029 behind structure formation remains incompletely understood,
1030 recent studies have established that hydrodynamic interactions
1031 play an important role in suppressing stratification.328,330 The
1032 open questions include (i) the role of additives such as
1033 surfactants, (ii) the impact of surface-stimulated nucleation,330

1034 and (iii) the effect of macroscopic flow fields within
1035 evaporating droplets and films.331 Another challenge comes
1036 with engineering supraparticles using anisotropic NCs, which
1037 can become arrested in sparsely packed disordered
1038 states,332,333 including multicomponent cases. Such highly
1039 porous assemblies are characterized by large surface-to-volume
1040 ratios, making them promising materials for catalysis, as
1041 recently demonstrated for the enhanced photocatalytic activity
1042 of TiO2 supraparticles.334

f8 1043 As illustrated in Figure 8, bridging the disparate time scales
1044 of assembly by solvent evaporation is another challenge.
1045 Within all-atom models,335,336 timescales are within hundreds
1046 of nanoseconds, and length scales in tens of nanometers
1047 (Figure 8a). With coarse-grained models coupled to an explicit
1048 solvent, the accessible length- and timescales can be extended
1049 to microsecond and micrometer scales337 (Figure 8b), while
1050 implicit solvent models can even access time scales on the
1051 order of hundreds of milliseconds308 (Figure 8c,d). Finally,
1052 lattice-gas models338−342 reach time scales of days and virtually
1053 infinite spatial resolutions (Figure 8e). However, an inherent
1054 challenge of coarse-graining is the softening of interactions and
1055 the concomitant (inhomogeneous) acceleration of the
1056 dynamics of the system,343 which can lead to dynamics that
1057 overlook intermediate steps and activation barriers that play a
1058 relevant role in experiments.
1059 4.2.2. Assembly by Changing Solvent Quality. NCs can be
1060 assembled by degradation of solvent quality when, e.g., adding
1061 a polar solvent to a stable dispersion of NCs with polystyrene
1062 shells.22 This leads to the formation of a superstructure from a
1063 solution of NCs (Figure 7b) and is known as assembly by
1064 changing solvent quality. It is possible to tune the structure of
1065 the resulting assemblies via the length of the polymer chain
1066 and the quality of the solvent in, e.g., N,N-dimethylformamide
1067 (DMF) mixtures with water.297 The solvent-induced agglom-
1068 eration of gold NCs with thinner alkylthiol chains leads to an
1069 ordered assembly at temperatures above a certain threshold,
1070 which is correlated with the order-disorder transition of the
1071 shell.344 Anisotropic particles with sites of different polarity
1072 react to changes in solvent quality. For example, Janus particles
1073 from organosilica and gold react to changes by forming
1074 clusters.345 Although solvent is often regarded as a catalyst,
1075 that is, it allows assembly but does not determine the
1076 equilibrium structure, experiments and DFT and MD
1077 simulations show that, in some cases, solvent effects determine
1078 the geometry and electronic structure,346 stability,347 and
1079 functionality.348

1080 4.2.3. Assembly by Solvent Annealing. Another assembly
1081 protocol is solvent annealing.25 Exposure to solvent vapors
1082 swells the ligand chains and imparts mobility to the NCs.
1083 Solvent annealing can be performed at controlled solvent vapor
1084 pressures to attain well-defined NC volume fractions. Starting
1085 from a disordered or glassy NC film, the assembly process can
1086 be monitored by using in situ X-ray scattering techniques. Fast
1087 quenching of solvent-swollen films to the dry state helps to
1088 preserve the intermediate structures, allowing their character-
1089 ization by electron microscopy. Solvent annealing has proven
1090 effective in forming one-component349−351 and more recently,
1091 complex multicomponent NC superlattices.352 It can also be

1092used to improve the degree of ordering or induce structural
1093transition in preformed superstructures.
10944.3. Fluid Interface-Assisted Assembly. The absorption
1095of NCs to liquid interfaces is controlled by surface energies. In
1096Pickering emulsions,353 the oil-water interface is stabilized by
1097adsorbed particles. The adsorption to the interface can be
1098considered an irreversible process with a high energy barrier
1099for desorption from the interface, E = γowπR2(1 − |cos(θ)|)2,
1100where R is the particle radius, γow is the oil-water interfacial
1101tension, and θ is the wetting angle.354 In contrast to the curved
1102interfaces in emulsions, which complicates ordering, adsorp-
1103tion to flat fluid interfaces (e.g., a Langmuir trough) is a
1104strategy for large-area assembly of NCs into monolayers.
1105Monolayers of polystyrene NCs are easily obtained at the
1106air-water interface.26 The switch to deformable particles, such
1107as nanogels and microgels13 (Figure 6), creates assemblies that
1108depend on the density of NCs at the fluid interface355 (Figure
11097c). In a Langmuir trough, this density can be manipulated
1110through movable barriers.356,357 Deformable polymer shells
1111also affect the assembly outcome, especially in situations where
1112capillary interactions play a role.358,359 Furthermore, macro-
1113scopically well-ordered, non-close-packed (beyond simplex
1114hexagonal order360) monolayers of plasmonic NCs were
1115assembled from plasmonic core-shell microgels at the air-
1116water interface.355,361

1117Microstructural analysis of monolayers prepared via fluid
1118interface-assisted assembly typically relies on microscopy
1119(atomic force and electron microscopy) and scattering (X-
1120ray and dynamic light scattering).362,363 The application of
1121such techniques assumes the microstructure is conserved
1122during transfer to a solid interface and subsequent drying,
1123which might be untrue. Combining ex situ (i.e., after the
1124deposition of the monolayer on the solid substrate) with in situ
1125analysis364−368 revealed significant changes in the micro-
1126structure.368 This study covers only micron-sized core-shell
1127NCs. In situ measurements are challenging for building blocks
1128below or near the Abbe limit unless markers are used. These
1129however alter the interactions between NCs.
1130Despite widespread usage of soft and deformable building
1131blocks in fluid interface-assisted assembly and considerable
1132progress in their understanding,369 many important questions
1133remain. A detailed quantification of interaction forces is
1134necessary, and methods are available, such as using optical
1135tweezers at the interface. An improved understanding of the
1136complex interplay of forces at the interface and upon transfer
1137and drying onto different solid substrates will require better
1138theory and simulations. Additionally, contactless interfacial
1139rheology370,371 combined with small-angle scattering and/or
1140high-resolution microscopy will provide insights, linking
1141rheological properties to microstructural characteristics.
1142Furthermore, typical Langmuir trough setups operate with
1143uniaxial compression, which can change the isotropy of
1144monolayers made from soft, deformable particles. It is still
1145required to measure and understand such influences and to
1146compare them to radial compression.
11474.4. Electrophoretic Deposition. Electrophoretic deposi-
1148tion (EPD) involves the use of an electric field to direct the
1149assembly of charge-stabilized NCs onto a solid substrate
1150(Figure 7d). Initially used to assemble gold NCs into densely
1151packed monolayers,372 it has since assembled rod-shaped NCs
1152with permanent dipoles into dense mono- and multilayer
1153structures.373 More recently, EPD on patterned substrates was
1154used to control both the position and orientation of individual
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1155 particles over large areas, including millions of gold nanorods
1156 arranged either horizontally or vertically.374−376 Two impor-
1157 tant factors comprise (i) using nanoscale lithography to create
1158 cavities within an insulating layer deposited on top of the
1159 electrode and (ii) optimizing the deposition conditions.
1160 Depositing a wide range of different particle types into well-
1161 defined patterns in a scalable way with surface-templated EPD
1162 presents some limitations. For example, it is difficult to deposit
1163 NCs with diameters below 10 nm due to constraints in surface
1164 charge density and the strength of the applied electric field.376

1165 Whereas clustering or shelling (e.g., with SiO2) can be used to
1166 deposit smaller quantum dots,376 finding alternative strategies
1167 is desirable. Another open question is how close the NCs can
1168 be spaced. Charged NCs approaching the surface pull
1169 counterions, creating complex flow patterns near cavities and
1170 electro-osmotic effects that still require characterization.
1171 Depositing NC mixtures into more complex patterns remains
1172 a challenge. Finally, the range and diversity of structures that
1173 can be assembled from EPD remain an open question.
1174 4.5. 3D Printing Superstructures. Self-assembly is a
1175 bottom-up strategy that can be combined with the top-down
1176 strategy 3D printing or additive manufacturing. Research
1177 efforts in this direction targeted the creation of 3D-printed
1178 nanomaterials using NCs as the ink. To maximally exploit the
1179 properties of the NCs in this process without disturbance from
1180 the matrix material, usually a polymeric matrix,377 organic
1181 content should be minimal.
1182 A breakthrough was the creation of bulk superstructures by
1183 locally controlling NC aggregation (disordered assembly) in
1184 solution, triggered by light-induced reactions that connect NCs
1185 via shared organic molecules378 (Figure 7e). This approach
1186 initially required specific NC inorganic cores and highly
1187 specialized ligands.379 The concept has since evolved to a stage
1188 where the inorganic cores no longer directly contribute to the
1189 assembly process. Instead, a light-sensitive additive is added to
1190 the particle suspension. Upon irradiation, the additive converts
1191 into a molecule terminated with nitrene radicals, which react
1192 forming bonds connecting hydrocarbon chains.380,381 Nitrene
1193 radicals can connect (i) ligands of the same NC, locally
1194 reducing colloidal stability and bringing the particles closer
1195 together, or (ii) ligands of different NCs, thereby creating
1196 interparticle links. These developments are promising towards
1197 expanding additive manufacturing capabilities to a broad range
1198 of NC building blocks.
1199 4.6. Bioinspired Assembly Protocols. 4.6.1. Stimuli-
1200 Response Assembly. To mimic and exploit the intricate
1201 functions of natural living systems, research recently focused
1202 on systems of NCs that are dynamic and respond to external
1203 stimuli by initiating the ordering process (Figure 7f).382 The
1204 challenge is to realize stimuli-responsive NC assembly that is
1205 capable of storing information and executing programmed
1206 tasks.383,384 The wealth of available ligands, coupled with the
1207 diverse sizes, shapes, and properties of the inorganic cores
1208 provides sufficient flexibility to control NC solubility and
1209 guides the self-assembly process. Yet, it remains imperative to
1210 broaden the scope of NC cores beyond the currently common
1211 noble metal cores.
1212 Carefully designed ligand-capped NCs respond to a broad
1213 spectrum of stimuli acting on the ligands and/or the cores.
1214 Typical stimuli are chemical triggers like solvents, pH levels,
1215 metal ions, gases, and biomolecules, as well as physical triggers
1216 like temperature, magnetic fields, and electrical fields.382,385,386

1217 More complex design strategies include (i) employing ligands

1218that react to multiple stimuli, (ii) utilizing multiple ligands,
1219each responsive to distinct stimuli, and (iii) leveraging the
1220inherent properties of the NCs in conjunction with those of
1221the ligands. The goal is to initiate assembly only once all
1222stimuli converge, and the removal of any stimulus prompts
1223disassembly.382

1224The exploration of practical applications of stimuli-
1225responsive NC assemblies remains largely open. These
1226responsive assemblies might permit delivery systems for
1227drugs, tags, or catalysts, responding to environmental cues
1228for targeted and controlled release. Bioimaging modalities are
1229envisioned utilizing the NCs’ ability to alter structures in
1230response to specific biological signals. Furthermore, they could
1231play a crucial role in theranostics, combining therapy and
1232diagnostics by delivering therapeutic agents while offering
1233imaging contrast for monitoring treatment.387 Beyond health-
1234care, these NCs have applications in environmental sensing,
1235responsive coatings with functionalities like self-healing, smart
1236textiles that adapt to changing environmental conditions, and
1237even the creation of nanorobots to treat water or remove
1238pollutants,388 or as soft actuators.389 Even magnetically
1239responsive colloidal NCs have been used for creating arrays
1240with reversible tunable structural colors that can be exploited
1241as a platform for chromatic applications.390 Overall, stimuli-
1242responsive self-assembly showcases its versatility and potential
1243for transformative applications in medicine, materials science,
1244and beyond.
12454.6.2. Nonreciprocal Multifarious Self-Assembly. Beyond
1246the principle of robust assembly, there is a paradigm termed
1247multifarious self-assembly, where a shared set of tiles (i.e., the
1248basic building blocks) is utilized to assemble multiple target
1249structures.391 This concept draws an analogy to memory
1250formation in matter,392 where assembly structures are
1251memorized or encoded in tile interactions, akin to learning.
1252Key components include (i) a common pool of tiles, (ii) the
1253desired structures, (iii) an interaction matrix acquired during
1254learning, (iv) and a suitable parameter region in a high-
1255dimensional parameter space of the self-assembly prob-
1256lem.391,393,394

1257A proper design or learning rule defines an interaction
1258matrix between the tiles in a way that the pool functions as an
1259associative memory,395−397 such that desired structures settle
1260on the minima of the energy landscape of the system. Starting
1261close to those minima, one can stimulate the pool to restore
1262the full structure. Methods of stimulating the pool to assemble
1263the desired structure include introducing a minimal seed
1264extracted from a structure, and changing the concentration of a
1265selection of tiles to lower the nucleation barrier of a specific
1266structure.391,397 Recent experiments using DNA nanotechnol-
1267ogy have demonstrated remarkable promise along these
1268directions .398,399 Regaining the analogy of NCs with atoms,
1269the multifarious assembly of NCs into superlattices is
1270analogous to the synthesis of atoms into lattices, where the
1271same key components (salts of precursors, ligands, and ions
1272with capping or diffusion-directing effects, and seeds of defined
1273geometry) at different concentrations and synthesis protocols
1274lead to kinetic pathways resulting in diverse NC core habits.
1275Biological self-assembly utilizes building blocks econom-
1276ically, allowing for disassembly and reassembly of structures in
1277a controlled manner. The nonreciprocal multifarious self-
1278assembly model mimics this behavior synthetically by
1279leveraging nonreciprocal interactions between tiles.400 Non-
1280reciprocity, breaking action-reaction symmetry, drives systems
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1281 out of equilibrium,401−405 enabling the design of time-varying
1282 self-assembled structures. A pool of tiles can form various

f9 1283 structures (Figure 9a), with the goal of inducing shifts between

1284them in a specific sequence. An example is shown in Figure 9b,
1285where a cyclic sequence of three structures is demonstrated.
1286Proper self-assembly and shifting occur within a limited range

Figure 9. Nonreciprocal multifarious self-assembly. (a) A pool of sixteen distinct tiles can self-assemble into (b) any of three 4 × 4 square-
shaped target structures. The goal is to introduce transformations among these structures by introducing nonreciprocal specific interactions
between the tiles. (c) Snapshots of molecular dynamics simulation capturing nonreciprocal multifarious self-assembly. The colors
correspond to the structures depicted in (b), where structure 1 is colored in purple, structure 2 in dark yellow, and structure 3 in orange.
Adapted with permission under a Creative Commons CC BY License from ref 400. Copyright 2023 Springer Nature.

Figure 10. Simulation snapshots and assembly diagrams for hard and non-hard shapes. (a, b) Example snapshots of MC assembly simulations
of HS from disordered fluids.411 The inset shows the NC shapes that form cubic (a) and β-Sn (b) superstructures. (c) Assembly diagram411

of polyhedral HS assembled into crystals, liquid crystals, plastic crystals, and glasses projected on the parameters of coordination number
(the number of nearest neighbors) and isoperimetric quotient (a measure of sphericity). (d) Example snapshot of MD assembly simulation
of non-HS, octahedral NCs with C14 ligands forming a bct superstructure.324 (e) Average ligand density in the simulation snapshot shown in
(d), in units of ligand beads per nm3, viewed in the [110] direction.324 (f, g) Phase diagrams126 of superstructures formed by NCs modeled
as quasi-spherical using (f) the oscillating pair potential and (g) the Lennard-Jones-Gauss potential. Predicted phases, indicated by colors,
are described by Pearson symbol and representative compound. (a−c) Reprinted in part with permission from ref 411. Copyright 2012 The
American Association for the Advancement of Science. (d, e) Reprinted in part with permission from ref 324. Copyright 2019 American
Chemical Society. (f, g) Adapted with permission under a Creative Commons CC BY-NC-ND License from ref 126. Copyright 2021
National Academy of Sciences.
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1287 of high-dimensional parameter space, and molecular dynamics
1288 simulations400 confirm the feasibility of shape-shifting
1289 structures (Figure 9c).
1290 Nonreciprocal multifarious self-assembly enhances self-
1291 assembly by enabling spontaneous structure formation and
1292 transformation without manual intervention. Key questions
1293 remain, such as the transition from 2D to 3D structures, that
1294 can be addressed by adapting DNA origami techniques.406

1295 Chemically active colloids providing nonreciprocity through
1296 chemical concentration407 offer another potential solution.
1297 Enhancing system capacity, measured by the variety of
1298 structures they can remember and transition into, poses a
1299 significant challenge.

5. SUPERSTRUCTURE PREDICTION
1300 A general framework that reliably and autonomously predicts
1301 the equilibrium superstructure of a given set of building blocks
1302 does not yet exist. The development of such a framework is
1303 challenging and therefore relies on starting with simple models
1304 where superstructure prediction is more tractable. Among the
1305 simplest NC descriptions are hard shape (HS) models.408

1306 These models capture many aspects of the equilibrium
1307 structure and dynamics of NC assemblies surprisingly well
1308 and provide an excellent first level of approximation. However,
1309 HS models completely ignore enthalpic (i.e., non-entropic)
1310 NC interactions. They also omit the compressibility and
1311 conformations of ligands, which are critical for NC assembly as
1312 discussed in previous sections.
1313 Whereas HS models have been studied extensively and are
1314 generally well-understood, moving beyond HS models is a
1315 critical future challenge. Further research is also necessary to
1316 advance techniques for (i) estimating free energy at higher
1317 precision, (ii) better understanding the role of geometric
1318 frustration for superstructure formation, and (iii) advancing
1319 the treatment of inverse problems. The latter challenge, inverse
1320 problems, is particularly important, as it pushes superstructure
1321 prediction into the development of materials with desired
1322 functions and properties.
1323 5.1. Hard Shape NCs. Hard shape (HS) models have a
1324 long-standing history, in part owing to their elegance and
1325 simplicity. Building on the success of analogous models for
1326 ionic solids409 and amphiphiles,410 the advent of NCs as
1327 building blocks for assembly has prompted a flurry of research
1328 in this area. Assembly of HS NCs is commonly simulated via

f10 1329 Monte Carlo (MC) (Figure 10a,b), and assembly diagrams411

1330 exist to categorize different polyhedral NC shapes into crystal,
1331 liquid crystal, plastic crystal, and glass superstructures (Figure
1332 10c).
1333 Early work on hard tetrahedra showed that instead of a
1334 dense packing structure, particles self-assemble into a
1335 dodecagonal quasicrystal.412 It was a big success of the hard
1336 tetrahedron model that this highly nontrivial simulation
1337 prediction was eventually confirmed in experiments.413 Other
1338 hard shapes self-assemble into a host of mesophases that differ
1339 from their densest packing.414 Many of these mesophases
1340 occur in NCs that do not tile space, raising the question of
1341 whether mismatches with packing expectations411,415 were due
1342 to some form of geometric frustration. Indeed, many shapes
1343 that fill space do not assemble in their densest packing
1344 structures.416,417 The discrepancy between solutions to optimal
1345 packing problems and the self-assembled equilibrium struc-
1346 tures of HS systems appears to work both ways. Not only do
1347 HS generally not form the superstructures in which they pack

1348most densely,412,−416 materials design of superstructures via
1349digital alchemy also shows a thermodynamic preference for
1350shapes that do not tile them perfectly.59,417−419

1351For systems in which the shapes are approximately hard,
1352more accurate predictions are beginning to emerge from
1353supramolecular chemistry-motivated models. These models are
1354based on the notion that entropy gives rise to emergent,
1355directional entropic forces among particles420 that induce a
1356form of bonding.124,125 This perspective has been corroborated
1357by evidence from the creation of entropically patchy
1358particles,421−423 and by the study of cluster packing,424 doping
1359simulations,425 and inverse design.59 For a given target
1360superstructure, it has been argued that an eigenshape should
1361exist�that is, an idealized HS that minimizes the free energy
1362of that structure.419

1363As it relates to NC assembly, the adoption of HS goes back
1364to binary superlattices.6,317,426 The HS model presents obvious
1365limitations: (i) superlattices exist even at zero pressure, so
1366significant NC attraction (enthalpic contribution) must be
1367present for assembly, and (ii) the shell around the core is
1368usually quite compressible. The HS description can be
1369improved by mapping a given NC to an effective HS
1370eigenshape. For spherical NCs, this is another spherical HS
1371with a diameter that includes the contribution of the ligands.
1372Early studies6,317,426 defined the HS diameter as the lattice
1373constant of the resulting single component hexagonal lattice, as
1374deposited on a solid substrate. Due to the interactions of the
1375bottom NC with the solid substrate, and the unconstrained
1376ligands at the top of the NC, this definition is relatively
1377inaccurate.427 One definition is the optimal packing model
1378(OPM).428,429 The HS diameter dHS of a spherical NC with a
1379core radius R and grafting density σ is τ = (1 + 3ξλ)1/3 with τ
1380≡ dHS/2R, ξ ≡ σ/σmax, and λ ≡ L/R, where σmax is the
1381maximum grafting density of the core, and L is the extended
1382ligand length. For single-component systems, lattice constants
1383of fcc and bcc are consistent with HS packing with a diameter
1384given by the OPM with some small correction for bcc.430,431

1385For binary NC superlattices (BNSLs) consisting of two NC
1386types A and B with a ratio of their diameters, γ = dHS

B /dHS
A ≤ 1,

1387where dHS
A and dHS

B represent the diameter of the larger and the
1388smaller HS, respectively. When identifying γ with the same
1389parameter used to characterize the phase diagram of binary
1390HS,432 there is a correlation between the phases found
1391experimentally and the maximum packing fraction for binary
1392HS. However, there are several significant quantitative
1393deficiencies in the HS description: (i) The measured lattice
1394constant in BNSLs is not generally consistent with HS
1395predictions.427 (ii) Many phases occur at low packing fractions,
1396where the system is too open to be stable.427 (iii) Many BNSLs
1397(e.g., MgZn2) have packing fractions below fcc, implying that
1398phase separation into single-component superlattices would
1399incur more efficient packings. (iv) There is a strong
1400dependence of the lattice constant with coordination
1401number427 (the number of nearest neighbors), suggesting
1402that many-body (non-additive251) effects are of importance.
1403This calls for the development of more advanced and
1404predictive models.
14055.2. NC Description beyond HS. Most NCs are not
1406sufficiently well approximated by HS models and require the
1407introduction of additional enthalpic interaction potentials.
1408Such potentials stem from core-core, core-ligand, or ligand-
1409ligand interactions, which can be short-range (e.g., van der
1410Waals, hydrogen bonding) or long-range (electrostatic). The
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1411 future success of computer simulations to predict super-
1412 structure crucially depends on the quality of the description of
1413 the complex energy profile of NC systems.
1414 Models of NC interactions can be pairwise or include many-
1415 body terms. Figure 10d,e presents a snapshot of an MD
1416 simulation of the assembly of non-HS NCs and the
1417 inhomogeneous average ligand density that plays a role in
1418 the interaction between NCs.324 In this simulation, the
1419 behavior of the ligands approximates an incompressible elastic
1420 medium. Pushing the ligand shell on one side affects the
1421 elasticity of the shell on the opposite side. This means that
1422 incompressible ligand shells can be modeled only by including
1423 a description of many-body effects.
1424 This section briefly explores four strategies beyond the HS
1425 approximation that improve specific aspects of the model
1426 description. These strategies are (i) quasi-spherical NCs, in
1427 which isotropic pair potentials target superstructures by
1428 tailoring local order, (ii) the orbifold topological model,
1429 which aims to describe the deformability of the ligand shell and
1430 resulting many-body effects, (iii) coarse-graining strategies,
1431 which aim to understand effective interactions at the mesoscale
1432 and describe them via a multiscale modeling approach by
1433 reducing model complexity, and (iv) machine-learned
1434 interaction potentials, which aim to provide more accurate
1435 models trained directly on ab initio data. Beyond these
1436 individual strategies, future work may also combine ideas from
1437 multiple strategies into an even more comprehensive model.
1438 5.2.1. Quasi-Spherical NCs. We term an NC model as
1439 quasi-spherical if the spherical shape is a good approximation of
1440 the NC. The most obvious modification is a softer potential. A
1441 simple ansatz is pair potentials with an appropriately chosen
1442 radial dependence. Power-law pair potentials are capable of
1443 stabilizing crystal phases,433 including quasicrystals,434 depend-
1444 ing on the softness of the interaction.
1445 More structural diversity is uncovered when the radial
1446 dependence of the potential is varied further by adding a
1447 shoulder435 or multiple wells. An example is the oscillating pair
1448 potential126 (OPP), which has the form V(r) = r−15 + r−3

1449 cos(kr + ϕ) and depends on two parameters k and ϕ. Figure
1450 10f presents the phase diagram of superstructures formed using
1451 this model.126 A comparable level of structural complexity also
1452 appears in a different quasi-spherical NC model using the
1453 Lennard-Jones-Gauss potential (Figure 10f). A virtue of these
1454 multiwell pair potentials lies in the fact that they are minimal
1455 models to perform simulations of superlattices of interest
1456 characterized only by the crystallographic structure of the
1457 superlattice. That the OPP and related potentials were
1458 originally designed to model interatomic pair potentials
1459 incorporating Friedel oscillations436 is not an issue because
1460 fundamental dynamical and structural processes are universal
1461 across scales from atoms to NCs. These quasi-spherical models
1462 can successfully reproduce the majority of crystal structures
1463 found in the periodic table of elements and beyond.126 This
1464 suggests that simple classical models (i.e., ignoring quantum
1465 effects) are fully sufficient for the description of basic dynamic
1466 and geometric aspects of NC superstructures, including their
1467 formation pathways and defects.
1468 Likewise, generalizations of binary432,437 or size-disperse438

1469 HS mixtures make the interaction softer, for example, by using
1470 binary Lennard-Jones439 or power-law440 potentials, or by
1471 adding an attractive term to the potential in the form of an
1472 inverse power-law.440,441 These approaches reproduce most of
1473 the binary phases found in experiments and permit studying

1474details of superlattice nucleation and growth.442,443 Never-
1475theless, just like identical particle counterparts,126 the binary
1476model systems444 include many phases in their assembly
1477diagrams not yet observed with NCs. This means there are
1478either more NC superlattices to be discovered or that the
1479models describe interactions that cannot be realized with NCs.
14805.2.2. Orbifold Topological Model. Given the current
1481difficulties in developing a predictive theoretical framework, a
1482more modest problem is to predict the structure of NCs within
1483a given crystal. For the case of spheres, the orbifold topological
1484model (OTM)153,445 provides a solution to this problem, which
1485has been verified through extensive simulations252,446 and
1486experiments.447 The OTM describes NCs as pseudotopo-
1487logical objects such that, at low coordination, ligands may
1488show large deformations called vortices. The model naturally
1489incorporates many-body effects without adding extra param-
1490eters, and predictions of lattice constants and packing fractions
1491agree well with experiments.
1492One open challenge lies in extending the OTM to describe
1493geometries other than spheres. The case of cubes has already
1494been developed.318,448,449 Cubes interacting through their faces
1495behave as hard cubes, whereas when interacting through
1496vertices or edges, ligands splay (i.e., form vortices) enabling a
1497closer approach than that of hard cubes. The breakdown of the
1498description of the HS by vortices shows that the previously
1499discussed concept of eigenshape further depends on the
1500environment and NC relative coordination, and it is not a
1501property of the NC alone. However, OTM does not provide
1502free energy. A pressing open problem is in developing a
1503standard NC model with computationally tractable free energy
1504that (i) predicts the phase diagram as found in experiments,
1505(ii) provides the correct lattice constant, reproducing the
1506OTM predictions, and (iii) systematically accounts for
1507subleading effects. Mean-field models may provide such a
1508description and close this important gap.
15095.2.3. Coarse-Grained Models. The idea of coarse-graining
1510is to approximate the essential aspects of a fine-grained model
1511(i.e., a description at high resolution) by reducing the number
1512of degrees of freedom. NCs are comprised of a core and a
1513ligand shell containing a total of many thousands up to millions
1514of atoms that interact while moving in a solvent environment.
1515Coarse-grained models treat all or parts of the ligand shell and/
1516or the solvent implicitly.
1517Nearly atomistic MD simulations demonstrated that ligands
1518can show highly collective behavior including order-to-disorder
1519transitions as a function of temperature, facet dimensions, and
1520ligand coverage.450 Such emergent phenomena are critical for
1521modeling interactions between NC building blocks.275 We are
1522only beginning to understand the role of the solvent for
1523colloidal solubility and agglomeration.261,451 Scaling up
1524simulations from pairs of NCs to dozens of NCs, which is
1525necessary to evaluate superlattice stability, requires a coarse-
1526grained description of ligands and solvent effects. Such a
1527coarse-grained description is required to reproduce exper-
1528imentally observed superstructures324 and interfacial self-
1529assembly phenomena.452 Examples of successful coarse-grained
1530models applied to NCs are the Martini force field453 and
1531united-atom force fields.252,264

1532Toward even larger NC systems, as necessary for simulating
1533superlattice nucleation from a melt of initially disordered NCs,
1534the degree of coarse-graining has to be even higher. This
1535means the ligand shell must likely be omitted from the model
1536entirely. Reported modelling strategies include machine-
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1537 learned effective many-body potentials for anisotropic particles
1538 using orientation-dependent symmetry functions454 and
1539 tabulated (pre-computed) pair potentials for predicting
1540 programmable nanoprism assembly.9 Research on such highly
1541 coarse-grained models is in its infancy, and research strategies
1542 are heterogeneous. The optimal resolution and model specifics
1543 depend crucially on the scientific question. In the future, it is
1544 desirable to develop efficient codes and libraries that
1545 standardize and accelerate the modeling process.
1546 An important aspect of developing coarse-grained models
1547 for NC interactions is the ability to test them on experimental
1548 data. Until a few years ago, NC self-assembly was a black box
1549 method, in which only the initial state (solution of dispersed
1550 NCs) and the final state (dried NC superlattice) were well
1551 characterized. The situation recently changed with the advent
1552 of in situ electron microscopy methods. Trajectory sampling of
1553 particle motion455,456 allows direct comparison to and
1554 validation of coarse-grained computer simulation models.
1555 Even the direct observation of the superlattice formation
1556 process itself is becoming directly accessible to these
1557 methods.457,458 It is expected that improved methods of
1558 coarse-grained modeling and in situ microscopy must be
1559 combined to correlate controlling factors to the resulting
1560 structures.459

1561 5.2.4. Machine-Learned Interaction Models. Fueled by
1562 remarkable achievements in the industrial realm, numerous
1563 research initiatives have delved into data-driven artif icial
1564 intelligence (AI) and machine learning (ML) methodologies.
1565 ML approaches seek to construct a surrogate model by
1566 establishing an implicit connection between the structures of
1567 chemical or material systems and one or more target
1568 properties. The development of a predictive ML model using
1569 supervised learning usually entails an iterative training process
1570 on a reference ground-truth dataset. This dataset may be
1571 comprised of quantum mechanical simulation and/or exper-
1572 imental data for the target properties (or labels) corresponding
1573 to all structures. Once adequately trained, the model can
1574 function as a black-box tool.
1575 To train and utilize ML models, chemical structures in the
1576 form of atomistic or geometric specifications of the NCs are
1577 essential inputs. These specifications can be represented as
1578 arrays of atomic numbers, which are then converted into a
1579 format readable by machines. For instance, employing a
1580 chemical structure as input and aiming to predict energy as
1581 output forms the basis of designing ML interatomic potentials
1582 for conducting large-scale molecular dynamics simula-
1583 tions.460,461 Training machine learning models hinges on the
1584 automated tuning of hyperparameters to attain optimal
1585 accuracy for a given dataset, typically with little to no human
1586 intervention. This parameter adjustment is achieved by
1587 minimizing a cost function that quantifies the error of the
1588 model by comparing the reference value to the ML-predicted
1589 average across all training data points.
1590 A significant category of ML algorithms falls under the
1591 umbrella of kernel methods.460 In these methods, the ML
1592 practitioner defines a kernel function, which acts as a metric for
1593 assessing the similarity between two inputs, such as two local
1594 atomic environments. The higher the degree of similarity
1595 measured by this function, the better the outputs of the model
1596 are expected to be. In techniques like kernel ridge regression and
1597 the related Gaussian process regression, the complexity of the
1598 model inherently increases with the size of the dataset. Another
1599 extensive category of methods comprises models based on

1600neural networks (NN). NNs are immensely flexible, nonlinear
1601functions characterized by thousands to millions of parameters.
1602These parameters are fine-tuned to match a dataset. The
1603substantial number of parameters offers numerous degrees of
1604freedom, enabling an optimization algorithm to determine the
1605most effective transformation that converts the input into an
1606estimation of the desired property.461−463

1607Machine-learned models for non-HS interactions between
1608NCs require a training set comprising the geometry of NCs
1609and their corresponding reference energies. A critical concept
1610in ML is the generalization error. ML models can be
1611susceptible to overfitting. This occurs when the model
1612becomes proficient at fitting the training data but fails to
1613make extrapolations. The process of choosing and expanding
1614the training dataset is a pivotal concern during the develop-
1615ment of predictive machine learning models. These method-
1616ologies offer the potential for automated, iterative enhance-
1617ment of the training dataset. Active learning algorithms464,465

1618achieve this by incorporating additional data points within the
1619underrepresented phase space through uncertainty quantifica-
1620tion, all while minimizing human bias in the data selection
1621process.
1622There is a clear current trend of replacing traditional force
1623fields with models derived using ML methodologies, which are
1624now gradually making their way to a variety of molecular
1625dynamics codes.460−462 This progress potentially facilitates
1626large-scale molecular dynamics simulations, for example,
1627predicting equilibrium structures of NCs or even describing
1628the growth and formation of the NCs. An example is ML
1629interatomic potentials based on DFT simulations of gold.466

1630This framework was then used to model the melting dynamics
1631of gold NCs and characterize their liquid atomic arrangements.
1632Despite these advancements, several challenges still need to
1633be addressed before ML models can fully realize their potential
1634for simulating NCs and their assemblies. An accurate
1635description of long-range interactions encompassing both
1636electrostatic and dispersive forces is of paramount importance.
1637In contrast, the majority of ML potentials rely on a locality
1638approximation, often constrained by a specific distance cut-off
1639for characterizing the local chemical environment, as
1640commonly employed in NN models. Development of various
1641charge equilibration schemes and explicit integration of
1642electronic charges and spins into ML architectures accurately
1643describe molecular charged species, long-range electron
1644transfer, and dispersive forces.462,467

1645Another critical feature of NC assemblies is their immense
1646structural and conformational diversity. This complexity poses
1647challenges when implementing active learning techniques to
1648generate training databases, often requiring a trade-off between
1649the generality and specificity of the resulting models.
16505.3. Free Energy Estimations. The equilibrium nature of
1651binary nanocrystal superlattices (BNSL) observed in the
1652literature remains uncertain. It is not yet established whether
1653they represent stable configurations or metastable states that
1654should eventually phase separate into two single-component
1655superlattices.6 The fact that different experimental strategies�
1656including microfluidics,468 evaporation of a solvent on solid
1657support,317,469,470 and emulsification of the solvent309,310,471

1658into large micelles�lead to the same BNSL phases
1659corroborates with the argument that BNSLs are equilibrium
1660states. Methods consisting of tuning hydrophobic interactions
1661by solvent quality22,472,473 predict interesting structures for a
1662small number of NCs474,475 but are unsuccessful in assembling
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1663 BNSLs and always lead to single-component phase-separated
1664 systems.476

1665 Free energy calculations with all-atom models could settle
1666 the question of whether BNSLs are equilibrium or metastable
1667 states. Unfortunately, the few free energy calculations available
1668 using all-atom446 or coarse-grained models477 have shown a
1669 difference in free energy between the BNSL and a phase-
1670 separated single component of a few kBT per NC, which is
1671 within the accuracy of free energy estimations. Despite these
1672 calculations being somewhat inconclusive, the free energy
1673 estimations show that regardless of what is the equilibrium
1674 state, it is only marginally stable. Therefore, interactions that
1675 may appear as subleading (e.g., dipole-dipole and van der
1676 Waals forces between NC cores) may ultimately be critical in
1677 stabilizing the superstructure. It remains an outstanding
1678 challenge to quantify these subtle free-energy balances.
1679 5.4. Geometric Frustration. Geometric frustration is a
1680 cooperative phenomenon where the pairwise interactions in a
1681 structure cannot be all simultaneously minimized. Whenever
1682 the locally favored relative arrangement of the building blocks
1683 cannot be realized globally, the resulting structure will
1684 inevitably be frustrated. In some cases, frustration can be
1685 resolved locally at the scale of a single or a few unit cells (for
1686 example, through the proliferation of defects), leading to a
1687 uniform strain. However, if the mechanisms for locally
1688 resolving frustration are energetically unfavorable, frustration
1689 will build up and manifest as a nonuniform strain that grows in
1690 magnitude as the assembly grows in size. The associated elastic
1691 energy grows super extensively and, in its early stages, follows
1692 one of a handful of universal growth exponents. This
1693 phenomenon was recently termed as cumulative geometric
1694 f rustration.31 However, the super-extensive growth of the
1695 elastic energy cannot persist indefinitely, and different systems
1696 show different mechanisms for frustration saturation. Thus,
1697 systems that exhibit cumulative geometric frustration are
1698 typically small in size and are associated with weak frustration.
1699 Moreover, their building blocks (or their interactions) are soft
1700 enough to allow for the required relative strains. If g is a
1701 geometric length scale associated with the frustration, and s is
1702 the typical linear dimension of the system, then s ≪ g is
1703 necessary for frustration accumulation.
1704 Frustration has been shown to play an important role in
1705 determining the shape, residual stress profile, and response
1706 properties in a wide variety of assemblies including liquid
1707 crystals,478 filament bundles,479 twisted molecular crystals,480−

1708
482 and frustrated xy-like lattice spin models.483,484 A recently

1709 introduced framework aimed at the continuous description of
1710 frustrated assemblies31 has enabled the quantification and
1711 classification of the different types of frustration. Consequently,
1712 the super-extensive energy exponent λ > 1, which satisfies E ∝
1713 Mλ, where M is the mass of the system, can assume only a
1714 handful of values according to λ = 1 + 2η/d, where d = 1, 2, 3
1715 is the dimensionality of the system, and η = 0, 1, 2, 3, ...
1716 denotes the first non-homogeneous order in the expansion of
1717 the compatibility conditions.31 The rate at which the strain
1718 energy builds up in an assembly as it grows predicts if a given
1719 assembly will saturate at a finite size485 or determines the
1720 spacing between the packing defects that absorb growing
1721 strains.
1722 While it is possible to tile a plane with equilateral triangles, it
1723 is not possible to tile the 3D space with regular tetrahedra,486

1724 which is the analog of an equilateral triangle in 3D. However,
1725 tetrahedra can tile certain types of curved spaces. Such curved

1726spaces represent the ideal ground state for general crystals, and
1727the actual crystal state in 3D is just a frustrated version that is
1728unattainable due to the lack of curvature.486 Frank-Kasper
1729phases,487 which are quite common in NC assemblies,33 are
1730phases in which the frustration inherent in regular tetrahedra is
1731relieved by topological defects (disclinations). Frustration in
1732tetrahedral (also known as topologically closed-packed)
1733networks also connects to theories of the glass state.488−490

1734There are examples of the role of tetrahedral order (and closely
1735related icosahedral) in NC assemblies.32,33 The role of
1736geometric frustration is ubiquitous in NC assemblies, and its
1737systematical study is important to design frustrated interactions
1738to produce desired complex structures.
17395.5. Mean-Field Theory. Self-consistent f ield theory
1740(SCFT), a type of mean-field theory, has been successful in
1741the study of ordered phases self-assembled from polymeric
1742systems such as block copolymers.491 Recently, SCFT and
1743other mean-field approaches have been applied to the assembly
1744of NCs by solvent evaporation492−493494 and to NCs dispersed
1745in polymer melts.495,496 Existing approaches can be categorized
1746into two types. In the first type, the cores, the ligands, and the
1747solvent are all described in terms of density fields.496 A major
1748challenge in this strategy is to capture core-core excluded
1749volume correlations. In this context, fundamental measurement
1750theory (FMT, a hard-sphere functional) stands out as a
1751promising solution to predict the thermodynamic stability of
1752hard-sphere superlattices.494 FMT has also been combined
1753with SCFT to model ligand-coated NCs497,498 and was applied
1754to single-component and binary mixtures of hard spheres.499 It
1755remains a challenge to combine these breakthroughs into a
1756theory of ligand-coated NC superlattices.
1757The second type of mean-field approach to model NC
1758assembly keeps a field-based representation of the ligands and
1759the solvent but adopts a particle-based representation for the
1760NC cores�i.e., the cores are modeled as regions inaccessible
1761for the ligands and solvents.492,493,495 The diffusion timescale
1762of NCs is much larger than the characteristic timescales of
1763molecular motion. Therefore, in a classical analogy to the
1764Born-Oppenheimer approximation, the solvent/ligand degrees
1765of freedom can be integrated for fixed core positions. A hybrid
1766simulation scheme based on this approach was developed,495

1767in which the interparticle forces obtained by solving the
1768solvent/ligand problem were used to evolve the position of the
1769cores in a small-time step. This strategy does not require any a
1770priori knowledge of the final structure, but its long
1771equilibration time may preclude its use to model the formation
1772of superlattices.
1773Alternatively, the NC cores can be fixed to the lattice
1774positions of different candidate crystalline structures. The free
1775energy resulting from integrating the ligand/solvent degrees of
1776freedom for fixed NC cores can then be used to choose the
1777equilibrium structure. While the direct free energy estimation
1778of superlattices is a great advantage of this method, its range of
1779applicability remains small compared to molecular dynamics
1780(MD) simulation. Consequently, future work should expand its
1781scope to other relevant problems in the field including binary
1782systems and different ligand chemistries and eventually couple
1783it to MD.
1784Mean field models also account for the presence of the
1785solvent and its evaporation. The fcc-to-bct-to-bcc sequence of
1786phase transitions in dry lattices of alkanethiol-coated NCs was
1787shown both experimentally314 and theoretically428,430,492,500 to
1788depend on the dimensionless parameter λ = L/R, where L is
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1789 the fully extended ligand chain and R is the NC radius. A
1790 mean-field molecular theory for superlattices has recently
1791 shown that this transition can also be triggered by changing the
1792 amount of solvent in the system,492,493 i.e., swelling of
1793 superlattice by solvent, both in spherical and nonspherical
1794 (cuboctahedral) NCs. Interestingly, decreasing the solvent
1795 content during the last steps of assembly induced by
1796 evaporation349,501 or lowering the quality of the solvent in
1797 wet NC superlattices by the addition of a nonsolvent155 leads
1798 to a transition from fcc to bcc. This observation suggests that
1799 the underlying mechanisms may share similarities, although a
1800 detailed understanding would require improving the descrip-
1801 tion of the solvent in mean-field theories of NC assembly to
1802 address vapor-liquid phase equilibrium and solvent-nonsolvent
1803 mixtures.
1804 5.6. Inverse Methods. An important open question is the
1805 definition of valence of NCs. The definition of valence of NCs
1806 would imply an a priori prediction of the NC superlattice with
1807 accuracy as high as that accomplished for molecular bonding
1808 and crystallization of atoms in chemistry. The challenge is that
1809 the building blocks composed of NCs and ligands vary
1810 continuously in the parameter space, as opposed to the
1811 discreteness of the periodic table coming from quantum scales.
1812 Recent efforts apply a reverse strategy that starts from a target
1813 structure and works backward to design building blocks that
1814 assemble the target structure best.59,419 This inverse design
1815 approach has two key virtues, (i) it starts from the target
1816 structure of the material, which is closer to the ultimate goal of
1817 the materials development process, and (ii) it introduces
1818 means by which superstructures can reveal their preferred
1819 building blocks, thus providing clues about optimal building
1820 block features.
1821 An example of inverse design in HS models is the alchemical
1822 Monte Carlo method,59 which takes a set of target structures
1823 and generates billions of associated preferred shapes of the
1824 building blocks. These sets of preferred shapes can differ along
1825 hundreds of anisotropy dimensions, and then machine learning
1826 or other big data classification methods can be used to
1827 construct heuristic associations among building block features
1828 and structures.502 In addition to applications in hard particle
1829 models, inverse-design approaches have also been applied to
1830 design enthalpic interactions.418,503−506 Challenges remain in
1831 describing the nonconvexity of shapes and the effects of
1832 ligands. However, the fact that high-dimensional parameter
1833 spaces can be reduced to a handful of key parameters suggests
1834 that combinations of inverse design and big data approaches
1835 provide a promising way forward.

6. DYNAMICS OF NC ASSEMBLIES
1836 The assembly of NCs undergoes the basic steps of
1837 crystallization comprising (i) nucleation, which can be either
1838 classical or nonclassical depending on the assembly protocol
1839 and conditions, and (ii) growth, determining the size, shape,
1840 and surface morphology of the final superstructure. The
1841 involved kinetic pathways of assembly are determined by the
1842 free energy landscape of the system, where certain paths can
1843 lead to the formation of defects and grain boundaries that
1844 might kinetically entrap superstructures in local minima. The
1845 consideration of metastable superstructures in simulations
1846 greatly enhances assembly prediction. If those metastable states
1847 are sufficiently long-lived, then they are as relevant and
1848 practical as equilibrium superstructures. The theories for
1849 crystal nucleation and growth of atomic crystals have served as

1850inspirations for understanding the assembly of NC-based
1851superstructures. As already discussed in the section about NC
1852cores, there are many examples of useful metastable states of
1853NC habits that are not the equilibrium Wulff shape. One could
1854therefore expect the analogous for metastable superstructures.
18556.1. Nucleation of NC Clusters. Even if the predicted
1856superstructures are confirmed to be thermodynamically stable,
1857kinetic effects may render them inaccessible. Disorder-order
1858transitions are often first-order phase transitions and proceed
1859through nucleation and growth mechanisms. During nuclea-
1860tion, a sufficiently large nucleus of the ordered phase emerges
1861within the disordered phase, which then grows to reach
1862thermodynamic equilibrium during the growth stage. At
1863sufficiently small driving forces (i.e., close to co-existence),
1864nucleation is generally the rate-limiting step, since the free
1865energy barrier for the formation of a critical nucleus, also
1866known as the nucleation barrier, generally exceeds kBT
1867considerably. Although nucleation is generally a single-step
1868process in most pure systems (i.e., nucleation from within the
1869melt), it may as well comprise multiple steps when dealing with
1870NC assemblies.27 Characterizing the kinetics, free energies, and
1871the mechanism of nucleation provides a natural way of
1872determining the kinetic pathways that are actually accessible to
1873a disordered system under different conditions and can assist
1874in identifying the structures that are not kinetically accessible.
1875Moreover, understanding the nucleation kinetics and mecha-
1876nism can help devise pathways that lead to structures that are
1877thermodynamically metastable but possess superior functional
1878properties.
1879The principles that determine the kinetic accessibility of NC
1880superlattices remain addressed primarily computationally,
1881despite rapid advances in in situ electron microscopy.
1882Advanced sampling techniques, such as umbrella sampling,507

1883metadynamics,508 transition path sampling,509 transition interface
1884sampling,510 and forward f lux sampling,511 are an excellent
1885toolkit to study kinetics and mechanism of nucleation over a
1886wide range of timescales. There is a rich history of using such
1887techniques to study the nucleation of NC model systems, such
1888as hard spheres512−516 and hard polyhedra.517−519 A significant
1889challenge consists of harnessing this body of work into
1890computational methods to predict the nucleation of NC
1891clusters, where quantities like the chemical potential and the
1892liquid-solid interfacial energy are not easily accessible.
1893Another challenge pertains to formulating proper descrip-
1894tions of heterogeneous nucleation, which often constitutes the
1895dominant pathway for the formation of NCs. Experimentally, it
1896is fairly challenging to predict heterogeneous nucleation rates
1897due to uncertainties in the types of impurities present within a
1898solution.520 Moreover, it has been recently demonstrated that
1899traditional definitions of crystallinity break down in describing
1900the physics of heterogeneous nucleation even on the simplest
1901surfaces,516 even when nucleation is still a single-step process.
1902This highlights the importance of devising more robust
1903descriptions of structure and its interplay with the outcome
1904of heterogeneous nucleation. It is also imperative to under-
1905stand situations in which heterogeneous nucleation exhibits
1906deviations from the classical picture provided by Turnbull and
1907Vonnegut.521 These explorations are critical for constructing
1908predictive models that can be used for estimating the rate of
1909heterogeneous nucleation as a function of operational variables
1910under different experimental conditions.
1911An important case for models that go beyond critical
1912nucleation is the two-step nucleation mechanism introduced
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1913 for globular proteins.522 It involves the formation of an
1914 intermediate disordered phase with a high concentration of
1915 particles, so nucleation occurs within the intermediate phase

f11 1916 (Figure 11a), with a lowered nucleation barrier. Computational

1917 studies predicted two-step nucleation for spherical colloids
1918 with short-ranged attractive potentials (Figure 11b).21 More
1919 recently, simulations considering complex hard polyhedral
1920 shapes showed a two-step nucleation process where nucleation
1921 occurs from a high-density precursor fluid phase with
1922 prenucleation motifs in the form of clusters, fibers and layers,

1923and networks.518 In addition to these computational efforts,
1924advanced in situ characterization methods allow experimental
1925observations of nucleation. Two-step nucleation of NC
1926superlattices was observed by transmission electron micros-
1927copy (TEM) and small angle X-ray scattering (SAXS) studies
1928of NC assemblies,27,523,524 where crystalline structures grow
1929from amorphous aggregates. While SAXS provides bulk
1930ensemble characterization of structural evolution in reciprocal
1931space, liquid-phase TEM�sealing solution samples against the
1932high vacuum of TEM for imaging at the nanometer and
1933millisecond resolution�resolves NC dynamics, interaction,
1934and crystallization pathways in real space with single-particle
1935tracking.
19366.2. Superstructure Growth. The length and energy
1937scales associated with NC assembly are dramatically different
1938than those in atoms or simple molecules. The larger timescales
1939and sizes of NCs make direct, real-space observation of these
1940assembly processes more feasible than their atomic counter-
1941parts, permitting detailed experimental verification. Never-
1942theless, the length scale has a major effect during crystal
1943growth. For example, larger crystalline clusters of NCTs154 are
1944associated with (i) slower cooling rates, consistent with
1945classical nucleation theory, but also (ii) higher concentration
1946of NCTs, opposing classical nucleation theory. This
1947unexpected behavior was explained as a function of the
1948significantly lower diffusion constants and concentrations of
1949NCs in solution compared to atoms in a melt or in solution.
1950Additionally, while the size of the NCT crystallites increased
1951with slower cooling rates, the degree of crystallinity was equally
1952high for all systems regardless of the thermal assembly path.
1953The ability to form high-quality crystals at rapid cooling rates
1954was attributed to (i) the highly dynamic nature of the
1955supramolecular bonding that permits fast reorganization of
1956NCs upon binding, and (ii) the softness of the polymer coating
1957that enables particles to easily accommodate deviations in
1958suboptimal binding. Yet, it remains an open question to assess

Figure 11. Nucleation of NC assemblies. (a) Schematic
representation of one-step and two-step nucleation processes.
(b) Probability of superlattice nucleation represented by color
gradients, where green is high, blue is intermediate, and yellow is a
low probability. The axes represent the depth u0 and range λ of a
square-well potential, as represented in the inset, for colloidal
particles with radius R and a volume fraction of 0.1. The diagram
shows the regions of (I) one-step nucleation, (II) two-step
nucleation, (III) the coexistence of two metastable fluids with a
slow nucleation rate, (IV) gel formation, and (V) a thermodynami-
cally stable colloidal fluid. The dashed line is the metastable fluid-
fluid binodal curve. The solid black curve is the thermodynamic
boundary for the stability of an fcc crystal. Adapted with
permission from ref 27. Copyright 2022 The American Association
for the Advancement of Science. Based on data of ref 21.

Figure 12. Microscopy of superstructures formed of NCs. (a−d) Scanning electron microscopy of superhabits formed by the assembly of
DNA-functionalized NCs. Superhabits can preserve the symmetry of the superlattice, forming (a) rhombic dodecahedra,28 (b) cubes,526 and
(c) and octahedra;526 or break symmetry as shown in (d) via the formation of energetic barriers in certain crystalline directions due to plane
multiplicity of the AB2 superlattice formed by an NC alloy.29 (e) Liquid cell TEM showing a vacancy diffusion in a superstructure,
evidencing the dynamics of superstructure defects.457 Scale bars, 1 μm (a−d) and 100 nm (e). (a) Reprinted in part with permission from ref
28. Copyright 2014 Springer Nature BV. (b, c) Reprinted in part with permission under a Creative Commons CC BY license from ref 526.
Copyright 2016 American Chemical Society. (d) Adapted with permission under a Creative Commons CC BY license from ref 29. Copyright
2018 Springer Nature. (e) Reprinted in part with permission from ref 457. Copyright 2022 American Chemical Society.
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1959 the generality of these statements and to develop actual
1960 quantitative methods that can be experimentally verified.
1961 In addition to the length scale effect due to the larger size of
1962 NCs compared to atoms, NCs also present different growth
1963 behaviors due to the extended interaction range. As shown in
1964 both liquid-phase TEM observations and KMC simulations,525

1965 inter-NC interactions can significantly modulate in-plane and
1966 step-edge diffusion barriers. This gives rise to four growth
1967 modes for NC assemblies, permitting wide control over the
1968 surface morphology and bulk defect densities in super-
1969 structures. These observations call for comprehensive model-
1970 ing considerations of inter-NC interactions and mass transport
1971 dynamics to enable crystal engineering.
1972 Wulff construction models89,90 capture the assembly of NCs,
1973 giving rise to superstructures with habits (superhabits)
1974 composed of cubes,526 octahedra,526 and rhombic dodecahe-

f12 1975 dra28 (Figure 12a−c). These superhabits comply with the
1976 symmetry of the superlattice. Plane multiplicity in alloys of
1977 NCs�that is, the existence of planes of the same crystalline
1978 orientation with different compositions of NCs�can lead to
1979 symmetry breaking.29 KMC was able to show the existence of
1980 nucleation barriers in the crystalline directions that contain
1981 plane multiplicity when a layer of NCs that present a higher
1982 surface energy grows over a layer of NCs with a lower surface
1983 energy, leading to the suppression of some crystalline growth
1984 directions and the formation of superstructures with rod-like
1985 superhabits29 (Figure 12d). The analogy between atoms and
1986 NCs helps understand the growth process. Just like certain NC
1987 core habits break the symmetry of the underlying atomic
1988 lattice, supraparticles’ superhabits can preserve28,526 or break29

1989 the symmetry of the superlattice. The synthesis strategies of
1990 non-Wulff NC shapes can therefore potentially be utilized in
1991 the future to assemble NC superstructures of nonconventional
1992 shapes and properties. For example, one can expect to use (i)
1993 superseeds, that is, small clusters of NC assemblies, to initiate
1994 the superstructure growth, and (ii) diffusion-limited growth
1995 environments to guide the formation of spikes or NC
1996 snowflakes.
1997 Strain accumulation is also an important factor changing the
1998 dynamics of NC assemblies, and there is an increasing body of
1999 evidence on the microstructural features and defects within
2000 NC assemblies.30,457 They can even be processed into larger
2001 polycrystalline systems that exhibit grain boundaries, dis-
2002 locations, voids, and vacancies at length scales larger than the
2003 individual NCs or superlattice unit cells. Figure 12e evidences
2004 the dynamics of the diffusion of a vacancy defect in a
2005 superstructure, in the timescale of seconds. Modeling the
2006 dynamics of (super)defects is an important but difficult
2007 challenge, as the stability of microstructural features can be
2008 affected by the inherent size of the system being studied. As
2009 experimental techniques continue to improve, and synthetic
2010 and fabrication routes generate larger quantities of NC
2011 assemblies, the role of these microstructural features becomes
2012 increasingly important. Wafer-scale 2D films are regularly
2013 produced via evaporative assembly,312 and NCTs can be
2014 processed into cm-scale in fully 3D polycrystalline materials
2015 with complex geometries at the nano-, micro-, and macro-
2016 scales.154,527

2017 Computational tools and models that can properly treat such
2018 large systems of particles without relying on periodic boundary
2019 conditions will be required to better understand these levels of
2020 structural hierarchy. The frameworks to predict the kinetic
2021 pathway of the assembly of NC into superstructures never-

2022theless present similar challenges to the ones to crystallize
2023atoms into NCs, already discussed in a previous section. Such
2024frameworks need to (i) be multiscale, coupling building blocks
2025to superstructures, the latter commonly composed of tens to
2026hundreds of millions of building blocks, (ii) allow introduc-
2027tion/removal of building blocks through grandcanonical or
2028semi-Gibbs ensembles,106 and (iii) be computationally
2029efficient. These three aspects are, however, incompatible in
2030the common simulation conundrum of physics description vs.
2031computational cost. Whereas Brownian dynamics (BD)
2032presents a better description of trajectories, inherently
2033important for describing the kinetic of assemblies, MC and
2034KMC approaches are computationally more efficient, thus
2035upscaling the systems in size and time at the cost of reduced
2036physical descriptions. Compared to the crystallization of atoms
2037into NC, the assembly of NC into superlattices further presents
2038the already-discussed challenges in modeling interactions
2039between NCs. Another complication comes from the
2040anisotropy of interactions between NC cores, which requires
2041Derjaguin approximation, that is, integration of forces over the
2042surface of two interacting bodies, and the consideration of
2043potential ligand vortices in the edges of the NCs.
2044First-principles calculations of atomic clusters have generally
2045been limited to small crystallites on the order of hundreds up
2046to thousands of atoms. Despite the small cluster sizes, these
2047calculations were conducted for atoms across the periodic table
2048with diverse quantum mechanical interactions. Calculations at
2049the atomic scale highlight the importance of unpacking the
2050relative and specific strengths of different types of physical
2051interactions during the growth process as well as their
2052contribution to emergent physical properties. For example,
2053whereas van der Waals forces were almost entirely responsible
2054for the cohesive energy of a certain NC assembly,428 more
2055complex electronic interactions may be present as well in other
2056systems. As discussed in the coming section about electronic
2057properties, sustaining charge transfer between NCs in
2058assemblies in the presence of dominant van der Waals
2059bonding528 remains an open challenge.
20606.3. Towards Nanoscale Active Matter. Establishing a
2061close-knit loop between computation and advanced exper-
2062imental measurements permits understanding the dynamics of
2063NC assemblies. Liquid-phase TEM has been utilized to map
2064inter-NC interactions456,529,530 and liquid-solid interfacial
2065stiffness531 in NC assemblies, both of which can be fed as
2066inputs into simulations to predict self-assembly pathways or
2067even guide the selection of polymorphs or microstructures for
2068experimental systems of practical NCs. NCs are a potential
2069system for understanding phase transitions and transition path
2070sampling. The diverse parameter space due to shape anisotropy
2071and interaction potential leads to exotic phases that are chiral,
2072multicomponent, topologically regulated, and even swarming
2073(if out of equilibrium), whose formation mechanisms and
2074reconfiguration dynamics are of fundamental importance for
2075condensed matter physics and the design of complex phases.
2076Notably, the reconfiguration dynamics of NC assemblies382,532

2077are barely studied both experimentally and computationally,
2078despite their huge potential as rewritable, self-healing, and self-
2079evolving devices. Fundamental understandings of the effects of
2080multiple length scales, from inter-NC interactions to hydro-
2081dynamic flows and other effects due to external fields, are
2082lacking when it comes to nanoscale building blocks. More
2083efforts are required to establish the field of nanoscale active
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2084 matter, where external energy drives the actions of NCs near or
2085 far from thermodynamic equilibrium.

7. FUNCTIONS AND APPLICATIONS
2086 The diversity of NC cores with different shapes, sizes, chemical
2087 compositions, and capping ligands defines a staggering design
2088 space for materials. The obvious challenge is identifying the
2089 regions of this space that contain NC assemblies with given
2090 properties or superior performance compared to traditional
2091 materials structured solely at the atomic and molecular scale.
2092 There are many strategies for expanding the inventory of NC
2093 assemblies. For example, so far only superstructures containing
2094 up to three NC species (ternary systems) have been
2095 considered,449,476,533 yet analogues to high entropy alloys534

2096 may soon be investigated. Adding active NCs to the system
2097 during synthesis or operation, in which the environment
2098 supplies energy or momentum, further expands the design
2099 space.

2100Significant potential with open challenges exists for NC
2101assemblies in the application fields of thermoelectric materials,
2102batteries, plasmonics, high mobility semiconductors, flexible
2103electronics, and light-emitting devices.60 Assembled QD solids
2104permit solution-processed functional optoelectronic nanoma-
2105terials.535 Phononics has recently been identified as an as-of-yet
2106untapped area.536 Bridging the scales from functional nano-
2107composites to robust macroscale devices, such as smart
2108windows, flexible sensors, displays, and efficient catalysts,537

2109and assisted by 3D nanoprinting,379 will be key. Given the
2110breadth of the field, we do not attempt an exhaustive
2111description of all phenomena that have been proposed or are
2112under investigation. Instead, we highlight a few selected
2113examples, for which nanoscale structural order plays a central
2114role in achieving desired functional properties.
21157.1. Electronic Properties. The rational design of
2116electronic NC-based materials is a formidable task due to the
2117complex structural motifs and the intricate electronic processes

Figure 13. Electronic properties of semiconducting NCs. (a) Optical absorption of Cd33Se33 with (red) and without (black) -OP(CH3)3
ligands. The electronic spectrum is dense even for this small NC. Each peak includes multiple states (vertical bars). Adapted with permission
from ref 543. Copyright 2009 American Chemical Society. (b) Density of states (DOS) of the stoichiometric Cd33Se33 NC, and the non-
stoichiometric Cd28Se38 and Cd38Se28 NCs. Excess Se creates traps across the band gap, facilitating fast nonradiative relaxation without light
emission. In contrast, excess Cd forms a trap sub-band, and the NC emits at the main peak and from the sub-band. Se is a non-metal and
needs directional bonds to heal traps, while Cd is a metal and creates bonds more easily. Adapted with permission from ref 544. Copyright
2012 American Chemical Society. (c) DOS and charge carrier dynamics in CsPbBr3 NCs. The valence band is denser than the conduction
band, and photo-excitation deposits energy primarily into electrons. Electrons transfer energy to holes within 200 fs. Holes relax by
depositing energy into phonons. Adapted with permission from ref 545. Copyright 2023 American Chemical Society. (d) DOS of single
excitons (SE) and double excitons (DE) in the Si29H24 NC. The DE DOS rises rapidly and exceeds SE DOS at energies above 2.7 times the
band gap. Quantum confinement enhances Coulomb interactions, and SEs evolve into DEs at energies above the threshold. Electron-
vibrational relaxation brings electronic energy below the threshold, and DEs recombine to form SEs. Adapted with permission from ref 546.
Copyright 2012 American Chemical Society. (e) Optical excitations in small neutral and charged PbSe NCs. Multiple excitons (MEs)
dominate in neutral NCs at energies above 2.7 band gaps.34 MEs couple to and borrow optical intensity from SEs. Charged NCs exhibit
intraband (IB) excitations. In combination with SEs they form trions. Trions dominate at energies up to 5 band gaps, and few MEs are
generated. Adapted with permission from ref 34. Copyright 2009 American Chemical Society. (f) Auger-assisted charge transfer from NC to
molecule. Electron transfer from NC to molecular LUMO is accompanied by hole excitation. The hole rapidly relaxes by coupling to
phonons. Hole participation accelerates electron transfer and eliminates the Marcus inverted regime in the dependence of the transfer rate
on driving force (ΔG). Adapted with permission from ref 547. Copyright 2013 American Chemical Society.
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2118 involved, which requires a detailed understanding of the
2119 evolution of energy and charge following photo-excitation or
2120 charge injection. In principle, the multiscale nature of NCs
2121 offers great potential for fine-tuning their electronic properties.
2122 However, achieving accurate and reliable results at reasonable
2123 computational cost necessitates tailored-modeling approaches
2124 that account for the complexity of the NC electronic structure
2125 and the diversity of materials and chemical motifs. Conceived
2126 as artificial atoms based on the ef fective mass theory (EMT) of
2127 finite-size semiconductors,538 colloidal NCs often exhibit
2128 contradictory or disparate physical and chemical properties
2129 at the atomistic, molecular, and bulk scale, which can lead to
2130 differing viewpoints about the behavior of NCs.539 For
2131 example, the molecular view suggests strong electron-hole
2132 and charge-phonon interactions, as well as slow energy
2133 relaxation due to the mismatch between electronic energy
2134 gaps and phonon frequencies.540 In contrast, the bulk view
2135 advocates that (i) the kinetic energy of quantum confinement
2136 is greater than electron-hole interactions, (ii) the charge-
2137 phonon coupling is weak, and (iii) the energy relaxation
2138 through quasi-continuous bands is rapid.
2139 The reality often falls somewhere in between these extremes.
2140 An atomistic description of electronic properties and electron-

2141vibrational dynamics in NCs can help to elucidate which
2142viewpoint�artificial atoms, molecules, or bulk�is more
2143suitable for understanding a particular application, depending
2144on NC size and composition, energy range, and type of
2145process. The atomistic description can capture realistic
2146properties of NCs, such as defects, surface passivation with
2147shells and ligands, and coupling between NCs and substrates.
2148The size of NCs is the main challenge for an atomistic
2149description. Realistic NCs are notably larger than those
2150amenable to an ab initio calculation, and the number of
2151electronic states involved is enormous, apart from special
2152situations within small energy ranges.539 Modern machine
2153learning methods allow addressing size and timescale
2154challenges of atomistic modeling by providing reduced models
2155of electronic Hamiltonians463 and force fields of ab initio
2156quality.460

2157Semiconducting and metallic NCs share many common-
2158alities, while there exist qualitative differences. Most notably,
2159semiconducting NCs have a large energy gap in the electronic
2160spectrum, enabling long-lived excited states whose excess
2161energy can be utilized in optoelectronic and solar energy
2162applications. Metallic NCs have no gap between occupied and
2163vacant electronic states, but they exhibit collective electronic

Figure 14. Electronic properties of metallic NCs. (a) Bulk, surface, and plasmon states in Ag104. Plasmons extend far beyond NC, providing
strong coupling to other NCs, substrates, molecules, and light. Plasmon states couple to vibrations more weakly than bulk and surface states.
Adapted with permission from ref 547. Copyright 2014 American Chemical Society. (b) Evolution of hot electron energy in Au55.

570 Metallic
NCs have no band gap, in contrast to semiconducting NCs (Figure 13). Nevertheless, smaller gaps do appear, giving rise to excited states
that remain populated for a picosecond. Adapted with permission from ref 570. Copyright 2016 American Chemical Society. (c) Surface
atoms of metallic NCs can undergo slow fluctuations, creating longer-lived states and (photo-) catalytic sites. Adapted with permission from
ref 571. Copyright 2020 American Chemical Society. (d) Active absorbers of light, surface plasmons are collective electronic excitations that
lose coherence within femtoseconds. Hot charges need to be extracted prior to electron-hole recombination (top). If metallic NCs are
strongly coupled to charge acceptors, plasmon excitations produce charge-separated states immediately, enhancing charge extraction
(bottom). Adapted with permission under a Creative Commons CC BY License from ref 572. Copyright 2014 American Chemical Society.
(e) By extending far away from metal, plasmons enable efficient coupling to substrates over long distances, facilitating charge and energy
transport. Adapted with permission from ref 573. Copyright 2021 American Chemical Society. (f) Metallic NCs support ensembles of hot
charges, but simultaneous transfer of many charges are forbidden (top). Instead, hot electrons can transfer energy by scattering with
substrate electrons (bottom), enabling energy transport devices. Adapted with permission from ref 574. Copyright 2021 Springer Nature BV.
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2164 excitations�localized surface plasmon resonances (LSPR), or
2165 plasmons�at energies that are relevant for many applications.
2166 Plasmons respond strongly to electromagnetic fields and
2167 spatially extend far outside NCs, enabling electronic

f13 2168 interactions with substrates and surface species. Figures 13
f14 2169 and 14 provide illustrations of important electronic properties

2170 and electron-vibrational dynamics in semiconducting and
2171 metallic NCs, respectively. We should also point to an
2172 enormous variety of semiconducting NC structures produced
2173 to date. For example, in terms of materials, this includes
2174 conventional (e.g., Si) and binary (e.g., II-VI materials such as
2175 CdSe, InP, ZnS) as well as more complex hybrid structures.
2176 Recently, quantum dots made of halide perovskite materials
2177 (e.g., CsPbI3) have attracted wide attention worldwide.541

2178 Explored architectures include various shapes and sizes as well
2179 as more complex architectures (e.g., core-shell structures).
2180 Finally, significant work has been done on hybrid semi-
2181 conducting and metallic NC structures, taking advantage of
2182 semiconducting and metallic properties of constituents.542

2183 7.1.1. Semiconducting NCs. Semiconducting NCs are
2184 usually composed of thousands of atoms, and correspondingly,
2185 they contain an enormous number of discrete electronic states.
2186 For example, if each atom (e.g., Si) provides four valence
2187 electrons, there are 4000 valence band (VB) in a 1000 Si NC.
2188 An even larger number of states is available in the conduction
2189 band (CB), and therefore there are millions of single excitons
2190 (40002) and many more trions (three charges) and double
2191 excitons546,548 (two electrons and two holes). Despite their
2192 seeming complexity, these electronic manifolds can be treated
2193 at various modeling levels. The optical-electronic spectra
2194 appear atom-like (Figure 13a) because (i) the density of states
2195 (DOS) is sparse at low energies, and (ii) the large number of
2196 excitations follows optical selection rules of the EMT538 that
2197 provides s-type, p-type, etc. envelope functions, each
2198 containing multiple excitations. Furthermore, there exist
2199 exciton states below the quasi-continuum of excitations across
2200 the band gap. Pseudopotential549 and stochastic wave
2201 function550 approaches exhibit favorable scaling with system
2202 size. Alternatively, one can consider combining periodic solid-
2203 state physics treatments of bulk NC regions with explicit
2204 consideration of surfaces by using, e.g., embedding methods.551

2205 Excitonic effects are typically treated by the Bethe-Salpeter
2206 theory, which is computationally demanding. Simpler
2207 descriptions involving approximations to the dielectric
2208 function552 and stochastic sampling553 are valuable.
2209 The main function of ligands is to enable various synthetic
2210 routes for manufacturing colloidal NCs, passivate the
2211 electronic defects, and protect the NC surface. Moreover,
2212 ligands interact strongly with NC surfaces leading to
2213 substantial charge redistribution and polarization effects on
2214 the surface.543 Hybridized states form, in which the electronic
2215 density is spread over the NC and the ligands. In fully
2216 passivated NCs, neither the ligand-localized nor hybridized
2217 molecular orbitals appear as trap states inside or near the band
2218 gap. Instead, being mostly optically dark, dense hybridized
2219 states open channels of relaxation of high-energy electronic
2220 excitations (Figure 13a). Loss of passivating ligands leads to
2221 either optically dark or bright additional states inside of the
2222 band gap, depending on the position of the leaving ligand.
2223 Mid-gap trap states are eliminated by surface reconstruction in
2224 certain magic-size NCs, such as Cd33S33 (Figure 13b).
2225 However, surface passivation is typically required.554,555

2226 Modeling of electronic properties of passivated NCs requires

2227proper placement of ligands on NC surfaces to satisfy charge
2228neutrality and realistic synthesis conditions.
2229Achieving precise control over the placement of molecular
2230ligands remains an outstanding synthetic challenge. It often
2231brings forward properties and applications, such as chiroptical
2232features, which is of interest to structure determination,
2233polarized photo-detectors, sensing, and spintronics. Typically,
2234semiconducting NCs are nonchiral structures with significant
2235optical activity in the UV-Vis range. In contrast, chiral
2236molecular systems generally have a significant band gap. One
2237approach to induce chiroptical signatures in semiconducting
2238NC is by creating chirality in their surrounding environment,
2239often referred to as chirality transfer. This can be achieved by
2240embedding inorganic NCs within chiral superstructures or by
2241using achiral molecular ligands to passivate the semiconductor
2242surfaces. While some experimental and theoretical reports are
2243encouraging,556−557558 understanding of the physical processes
2244underpinning chirality transfer is yet to be achieved. For
2245example, structural templating, state hybridization, and long-
2246range dipolar interactions were proposed as mechanisms to be
2247employed by fabrication strategies.559−562

2248NC composition is often not fully stoichiometric, and the
2249NC surface can be rich in a particular element. Metal-rich
2250surfaces behave differently from non-metal-rich surfaces.544

2251The stoichiometric CdS NC maintains a large band gap.
2252However, an S-rich surface creates a larger number of defect
2253states with energies everywhere inside the band gap (lower-left
2254panel of Figure 13b), leading to rapid electron-vibrational
2255relaxation and impeding light emission. In contrast, defect
2256states created by a Cd-rich surface form a sub-band inside the
2257bandgap (lower-right panel of Figure 13b), leaving a large
2258energy gap between the CB minimum and the defect band.
2259The nonradiative energy relaxation is limited, and the NC
2260emits both at the main peak corresponding to the band-gap
2261transition and broadly at lower energy corresponding to
2262transitions into and out of the defect sub-band.544 The
2263differences arise due to the bonding properties of metals and
2264non-metals. S, Se, and other non-metals require directional
2265covalent bonds, and all the bonding requirements cannot be
2266satisfied on the S-rich surface. Metals, such as Cd and Pb, can
2267form bonds more easily and in a less directional manner,
2268reducing the number of defect levels. Such general chemical
2269bonding principles, as reflected in the covalent bond
2270classification scheme and charge-orbital balance model,554,563

2271guide NC synthesis, passivation, and stabilization toward
2272attaining desirable electronic features.
2273NCs simultaneously exhibit molecular and bulk properties.
2274Sufficiently high above the band gap, the NC electronic DOS is
2275high, similar to that in bulk. At the same time, charge-charge
2276interactions are strong in NCs, due to quantum confinement,
2277resembling molecules. Such a combination opens channels for
2278efficient Auger-type processes, such as multiple exciton
2279generation,540 electron-hole energy exchange,538,545 and
2280Auger-assisted charge transfer547 (Figure 13c−f). The VB
2281DOS is higher than the CB DOS in many materials (Figure
228213b−c), and therefore, photo-excitation at energies above the
2283band gap places the excess energy mostly into electrons. The
2284Coulomb interaction between electrons and holes results in a
2285rapid (100 fs) energy exchange between electrons and holes,
2286with most of the energy transferred to holes, due to the larger
2287hole DOS. Subsequently, the holes relax to the band edge by
2288coupling to vibrations on a 1 ps timescale545 (Figure 13c).
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2289 The electronic DOS rises rapidly with energy, and there is a
2290 universal crossover between the DOS of single excitons (SE)
2291 and double excitons (DE) at energies of about 2.7 band
2292 gaps546,564,565 (Figure 13d−e). At energies above the thresh-
2293 old, reached by photo-excitation or electron-hole injection, SEs
2294 transform rapidly to DEs, a process known as carrier
2295 multiplication564 and multiple exciton generation (MEG).540

2296 MEG and closely related singlet fission566 can be used to
2297 increase solar cell efficiencies by creating more than one
2298 electron-hole pair per absorbed photon. Electronic energy
2299 relaxes by coupling to vibrations on the timescale of
2300 picoseconds, and as the energy drops below the SE/DE
2301 DOS crossover threshold, and DEs recombine to form SEs.546

2302 Coulomb coupling in semiconducting NCs couples SE and DE
2303 states. Photo-excitation of superpositions of SEs and DEs leads
2304 to the instantaneous generation of multiple electron-hole pairs
2305 per absorbed photon. This process is particularly efficient in
2306 small NCs.565 NCs are known to blink, and the blinking is
2307 attributed to charge trapping by surface defects or ligands.567

2308 The complementary charge remains in the NC core, creating
2309 trions (three-particle states) arising as a combination of
2310 intraband (IB) transitions and SEs (Figure 13e). The trion
2311 states dominate statistically over DEs at intermediate energies,
2312 and the threshold for MEG is shifted to much higher energies.
2313 A similar effect arises if a charge is trapped by a mid-gap state
2314 inside the NC core. These multielectron-charged states may
2315 also be of relevance to photocatalytic reactions.568 Thus,
2316 attaining robust control over the formation and dynamics of
2317 such multiparticle natural and charged excitations remains an
2318 important avenue toward enabling applications particularly
2319 relevant to the clean energy realm.
2320 The electron-hole energy exchange in NCs is responsible for
2321 unconventional mechanisms of charge transfer from an NC to
2322 a molecule, a substrate, or another NC. In molecular systems,
2323 the excess electronic energy between the lowest unoccupied
2324 molecular orbitals (LUMO) of the donor and acceptor species
2325 is deposited to vibrations, giving rise to a characteristic Marcus
2326 theory parabolic dependence of the charge transfer rate on the
2327 LUMO-LUMO energy gap.569 The latter is known as the
2328 driving force ΔG (Figure 13f). In NCs, the excess electronic
2329 energy can be transferred to another charge, eliminating the
2330 Marcus inverted region, in which the rate decreases with
2331 increasing ΔG.547 The intermediate hole-excited states are
2332 populated transiently in the timescale of picoseconds.
2333 However, their participation changes the transfer rate by
2334 orders of magnitude. Such Auger-type charge transfer is not
2335 possible in molecules, due to low electronic DOS, or bulk
2336 semiconductors, due to weak charge-charge interactions.
2337 7.1.2. Metallic NCs. There are two major differences in the
2338 electronic properties of metallic NCs compared to their
2339 semiconducting counterparts. First, there is no energy gap
2340 separating occupied and empty electronic states. Second,
2341 metallic NCs support plasmon excitations at practically
2342 relevant energies. Plasmons are collective excitations of
2343 multiple electrons, and their wave functions extend many
2344 angstroms outside the NCs.575−578 Figure 14a shows
2345 representative bulk, surface, and plasmon states in an Ag104
2346 NC.579 As demonstrated by the projection in the bottom
2347 panel, the plasmon orbital extends over a nanometer beyond
2348 the NC. Plasmon excitation is a superposition of many such
2349 orbitals. The superposition dephases575 into independent
2350 electron-hole pairs in the timescale of tens of femtoseconds
2351 (Figure 14d). The collective nature of plasmon excitations and

2352their significant spatial delocalization result in an intense
2353optical response and strong coupling to substrates573 (Figure
235414e). Because plasmons are localized significantly away from
2355the atoms, they couple more weakly to NC phonons compared
2356to the bulk and surface states.579 Consequently, electron-
2357vibrational relaxation of plasmonic excitations is slower than
2358that of electronic excitations in the bulk.580

2359Since metallic NCs have no energy gap separating occupied
2360and vacant electronic states, electrons and holes recombine fast
2361in metals, within the timescale of picoseconds, while in
2362semiconductors they can live in the timescale of nanoseconds.
2363The strong optical response of plasmons allows generating
2364many electron-hole pairs. If energetic charge carriers can be
2365utilized before they relax by transferring electronic energy to
2366heat, important applications can be envisioned, including
2367photochemical reactions and solar energy, ultrafast electro-
2368optical and photonic devices, photodetection and sensing, and
2369bioscience.575−581 For example, the use of plasmons to mediate
2370heterogeneous catalysis of adsorbates on metallic surfaces
2371holds the promise of achieving high photoelectric conversion
2372efficiency and controllable reaction selectivity.
2373Although metallic NCs exhibit a (quasi-) continuous
2374electronic spectrum, some special states can be populated for
2375relatively long periods of time. This can happen if the
2376electronic DOS of an NC exhibits gaps570 (Figure 14b), or if
2377an electronic state is decoupled from the rest of the structure
2378due to a structural fluctuation571 (Figure 14c). In the Ag104 NC
2379shown in Figure 14b, the state 1 eV below the plasmon
2380excitation energy is energetically separated from the lower
2381energy states and survives for 0.8 ps. The state is above the
2382TiO2 CB edge, and therefore, hot electrons in that state can be
2383efficiently extracted.570 The top atom of the Pt20 NC pyramid
2384adsorbed on the MoS2 substrate undergoes structural
2385fluctuations on the timescale of 50 ps.571 When the atom
2386fluctuates out of its equilibrium location, its coupling to the
2387rest of the structure decreases, and the lifetime of the
2388corresponding electronic state grows to 0.6 ps. Unsaturated
2389chemical bonds are created, and the catalytic activity of the site
2390increases. The energy of the state is close to the MoS2 CB
2391edge, such that catalysis can be performed both optically by
2392plasmon excitation of the NC, and electrically by injection of
2393charge from the MoS2 substrate to the NC. Although 0.6−0.8
2394ps excited state lifetimes appear short, they still embrace
2395multiple periods of molecular vibrations, which may be
2396sufficient to break chemical bonds. Accurate description and
2397identification of chemically active electronic resonances within
2398electronic state continua in metals are challenging. It is also
2399challenging to identify the mechanism by which electrons
2400propagating in substrates over micrometers get localized to a
2401metallic NC, and then break and form bonds on the Å-scale.578

2402Collective plasmon excitations dephase into electron-hole
2403pairs in the timescale of 10 fs, and the hot carriers should be
2404extracted within the timescale of picoseconds before they
2405recombine nonradiatively575−578 (top panel of Figure 14d).
2406However, if coupling to a substrate is strong, photo-excitation
2407of the plasmon resonance generates charge-separated states, in
2408which one of the charges is already extracted from the metallic
2409NC (bottom panel of Figure 14d). This theoretical
2410prediction572 was confirmed experimentally.582 The strength
2411of the NC-substrate interaction depends on the condition of
2412the substrate surface. If the surface is smooth and chemically
2413saturated, as in MoS2 and other layered materials, the
2414interaction is weak, largely van der Waals, and the extent of
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2415 instantaneous charge separation is small.583 If the surface is
2416 chemically unsaturated and the NC-substrate interaction
2417 involves chemical bonding, the charge-separated character of
2418 the photo-excited state is as large as 20% or more.572,582 Even
2419 if there is no chemical bonding between a metallic NC and the
2420 substrate, plasmon states generate efficient electronic coupling
2421 across large distances in the nanometer scale (Figure 14e),
2422 because they extend far outside the metal (Figure 14a). This
2423 was confirmed by the spatially and time-resolved experiments
2424 performed on interfaces of Au films with MoS2.

573 Even if
2425 charge transfer across metal NC-substrate interfaces is
2426 inhibited by intermediate insulation layers or off-resonance
2427 excitations, energy transduction remains possible. Hot
2428 electrons in the metal can transfer their energy to pre-existing
2429 free electrons in the semiconductor, whose concentration can
2430 be controlled by doping.574 By proper system design and
2431 tuning the interfacial interactions at the atomistic level, one can
2432 achieve directional energy flow to produce thermal diodes and
2433 cool down electronic devices.
2434 The modeling of metallic NCs and their interfaces with
2435 molecules and substrates is particularly challenging, because of
2436 the wide ranges of size, time, and energy scales involved.
2437 Plasmon excitations involve many electrons and extend over
2438 tens of nanometers along the NC surface, while plasmon-
2439 driven photo-catalysis occurs on the atomic scale (Å) and
2440 involves one or a few electrons. It is important to know how
2441 the energy of the plasmon wave of the electron ensemble is
2442 funneled to perform a localized single electron process. Surface
2443 scattering, electron-phonon coupling, and electron-electron
2444 interactions are the major mechanisms that determine the final
2445 state of the hot electron and its ability to perform a specific
2446 reaction. An accurate atomistic description of localized
2447 interactions of excited electrons with molecules and substrates,
2448 together with proper models of collective plasmon excitations
2449 in metallic NCs, requires a combination of theories developed
2450 in different fields. Subsequently, such models need to relate to
2451 engineers who work on device design and applications.
2452 7.2. Optoelectronic Coupling. Tuning NC parameters
2453 such as the size, composition, and shell thickness, provides
2454 access to a variety of heterostructured artificial molecules with
2455 potential for emerging applications. In fused-dimer CQDMs,
2456 differences in core sizes can create dual-color emission from a
2457 single quantum system.584 Color emission is also highly
2458 tunable and switchable by tailoring NC core sizes and
2459 compositions. This is relevant for display applications that
2460 utilize switchable pixels, and in tunable photon sources.584 The
2461 possibility to adjust tunneling barriers by changing the ligand
2462 shell thickness makes fused NC molecules ideal candidates for
2463 probes of the coupling mechanism and underlying photo-
2464 physics. At larger core separations, resonance energy transfer
2465 can dominate the photophysical process, while at shorter
2466 separations charge tunneling prevails.127 The local electric field
2467 and effect of external perturbation depend greatly on the
2468 degree and mode of coupling. Photogenerated excitons can
2469 tunnel and switch between dots driven by the modulation of
2470 the electric field, making CQDM candidates for electric-field
2471 sensors.
2472 Numerous bright multiexcitonic configurations may form in
2473 NC molecules,585 which, unlike the multiexcitons in single-NC
2474 semiconductors, are not necessarily dimmed by strong
2475 nonradiative Auger recombination processes.586 Localized vs.
2476 segregated (delocalized) states are possible and can be
2477 manipulated by the neck barrier characteristics. The coupling

2478regime can be identified by distinct optical signatures, such as
2479the photoluminescence quantum yield, intensity time traces,
2480lifetimes, and spectra of the neutral-exciton, charged-exciton,
2481and biexciton states. In the weak-coupling regime, the emitted
2482photons are bunched, unlike in the monomer NCs, because
2483they behave akin to two weakly interacting emission centers.
2484The anti-bunching characteristic of a single-photon emitter
2485could be partially regained at the strong coupling regime, due
2486to the facile coupling of electrons and holes, leading to a more
2487efficient nonradiative Auger interaction of the biexciton
2488states.585 The attributes of CQDMs, with excellent absorbing
2489and bright tunable excitonic and multiexcitonic states, equip
2490them with single- and two-photon emission properties relevant
2491to light-emitting applications.
2492Controlling the core/shell semiconductor band offsets of the
2493composing NC monomers is also important. In type II core/
2494shell semiconductor NCs, the staggered band alignment allows
2495extensive delocalization of the carrier type to the shell.587 A
2496higher degree of delocalization can facilitate the transfer of
2497charge carriers to neighboring NCs. This could facilitate color
2498switching under the application of an external electric field.
2499Furthermore, a long-lived charge carrier that is of relevance for
2500light-harvesting applications can be designed and achieved by
2501staggered band alignment of the two cores. Because the
2502electron and hole wave functions are in two different dots, their
2503overlap is reduced, increasing charge carrier lifetimes.
2504The description of the electronic and optical properties of
2505single NCs is a great challenge, even to modern computers.
2506Accurate techniques developed to study small molecules or
2507solids are limited to small system sizes and computationally too
2508expensive to be applicable to NCs.34,35 Early work utilized
2509continuum approaches based on the effective mass model and
2510its multiband generalization for realistic-sized NCs.2,538,588

2511Atomistic models based on semiempirical pseudopoten-
2512tials589−590591 were developed for NC inhomogeneities that
2513cannot be captured by continuum models. These atomistic
2514models can be applied to describe electronic couplings, alloys,
2515heterostructures, and vibronic and polaritonic effects,592 but
2516are still limited to single NC properties. Moreover, under-
2517standing surface effects, defects, and the inclusion of
2518passivation of dangling bonds remains a challenge even for a
2519single NC.
2520The description of the electronic and optical properties of
2521NC assemblies is even more daunting. Ideally, an accurate
2522description should (i) cover the atomistic scale of a single NC
2523including electrons, holes, excitons, and their coupling to
2524lattice vibrations, while (ii) bridging the time and length scales
2525relevant for the emergent properties of NC assemblies. A
2526promising bottom-up approach is coarse-grained electronic
2527structure models, which utilize linear-scaling techniques at the
2528single-particle level and then use them to parameterize a
2529coarse-grained model for NC assembly. Along this line, it was
2530recently shown that electron transfer in a NC dimer can be
2531driven from the damped nonadiabatic limit to the coherent
2532adiabatic limit even at room temperature, thereby increasing
2533the transfer rate by orders of magnitude.593 This was achieved
2534by carefully designing the interface between the NCs that act
2535as donors and acceptors, resulting in the discovery of large
2536differences in coupling strength between NC molecules and
2537bulk assemblies. Finally, moving beyond dimers requires
2538accounting for collective phenomena and coupling between
2539the NCs, as well as the inclusion of superlattice modes,536

2540superradiance, and other many-body effects.
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2541 7.3. Conductivity. Ordered NC assemblies are candidates
2542 for the bottom-up design of materials with hierarchically
2543 engineered electronic structures. Tradit ional ap-
2544 proaches8,311,317,319,594,595 require NCs with bulky organic
2545 ligands or DNA strands, making these materials electrical

f15 2546 insulators (Figure 15a). Although some collective effects can
2547 still develop via coupling of plasmonic excitations,596 transition
2548 dipoles,38 or magnetic dipoles,597 it is the free movement of
2549 electrons that is the prerequisite for electronic bands.
2550 The coupling strength in NC assemblies can be described
2551 using the Landauer formula σ = 2e2/h∑i,jTi,j, where Ti,j is the
2552 transmission of the conductance channel between state i on
2553 one particle and state j on the other particle, and 2e2/h ≡ σ0 is
2554 the quantum conductance unit. A normalized conductance is
2555 defined as σ* = σ/σ0. The transmission for each channel can be
2556 approximated as T = e , where β is the attenuation length of
2557 the wave function, and is the edge-to-edge separation
2558 between two neighboring particles.598 For hydrocarbon
2559 ligands,599 β ≈ 1.1 Å−1 and σ* ≈ 1.8 × 10−10 at an
2560 interparticle separation of 2 nm. This corresponds to an fcc
2561 array of 5 mm-sized NCs capped with 1-dodecanethiol ligands.
2562 The conductivity of NC assemblies, σSL, can be further
2563 analyzed by modeling the NC array as a resistive network with
2564 defined resistances between nearest neighbors. Applying such a
2565 model to the simple cubic lattice, gives σSL = (Rd)−1, where R
2566 = σ−1 is the interparticle resistance and d is the center-to-center
2567 distance between two neighboring NCs.602 The physics of the
2568 metal-insulator transition in granular materials and NC

2569arrays603,604 predicts the transition between the weak to strong
2570coupling regimes will occur when σ* is on the order of unity.
2571The realization of strong coupling in ordered NC assemblies
2572requires ligands different from those present after synthesis.
2573NCs with compact, typically inorganic, surface ligands show
2574much stronger coupling601,605 (Figure 15a). Strong electronic
2575coupling between neighboring NCs is achieved through a
2576combination of the short interparticle distances, greater
2577polarizabilities, and lower tunneling barriers afforded by the
2578inorganic infill compared to those of analogous organic ligands.
2579An alternative approach to creating strongly coupled NC solids
2580involves post-assembly removal of the insulating organic
2581ligands.129,131,268

2582Figure 15b highlights the current trade-off between order
2583and electronic coupling strength in NC assemblies. For a long
2584time, materials with good electronic coupling showed no long-
2585range order, whereas ordered arrays used highly insulating
2586ligands. Only recently have examples of strongly coupled NC
2587superlattices been reported, following the development of an
2588understanding of the phase behavior of electrostatically
2589stabilized colloidal NCs.27 This work is nevertheless far from
2590complete. For example, current strategies are successful only
2591for NC cores with high dielectric constants, such as cores
2592composed of metals (Au, Pd, Ni) and lead chalcogenide (PbS,
2593PbSe). This behavior relates to the dielectric mismatch
2594between the NCs and the surrounding medium, which creates
2595an attraction between surface ions and image charges.606

2596The properties of strongly-coupled NC assemblies have not
2597yet been studied systematically. In the few available examples,

Figure 15. Conductivity and electronic coupling of NCs assembled by ligands. (a) TEM images comparing interparticle spacing for self-
assembled Au NCs of 5 mm in size, capped with 1-dodecanethiol (DDT) and Sn2S64‑ ligands. (b) Order-coupling diagram for existing NC
assemblies. The data points correspond to superlattices of DDT-capped Ag NCs600 (orange diamond), film of inorganically capped HgTe
NCs601 (blue triangle), and epitaxially connected PbSe superlattice by oriented attachment268 (navy blue pentagon). (c) X-ray scattering
patterns of superlattices of Au NCs with Sn2S64− ligands, showing crystalline order at both the supercrystal and atomic length scales for a
superlattice of Au NCs of size 5 mm. (d) In the strong coupling regime, NC assemblies are expected to develop a hierarchical band structure,
but their Fermi surface remains to be understood. (a−c) Adapted with permission from ref 27. Copyright 2022 The American Association
for the Advancement of Science.
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2598 the optical reflectance spectrum measured for arrays of weakly-
2599 coupled Au NCs shows signatures of LSPR, whereas the
2600 reflection spectrum of similar NCs with inorganic ligands
2601 approaches the behavior of bulk metals.27 The temperature-
2602 dependent resistivity of strongly-coupled metal NC assemblies
2603 follows the predictions of the Boltzmann transport theory, as
2604 for typical metallic solids.27 NC assemblies with simultaneous
2605 strong electronic coupling and long-range order have a
2606 hierarchical structure with two distinct scales of translation
2607 symmetry (Figure 15c). It is reasonable to expect that a similar
2608 hierarchy in the electronic structure, superlattice minibands
2609 convoluted with the band structure defined by the atomic
2610 lattices of individual NCs, should exist for strongly-coupled
2611 NC assemblies (Figure 15d).
2612 7.4. Surface Lattice Resonances. Noble metal NCs, such
2613 as gold and silver, support LSPRs in the visible wavelength
2614 range,607 making these attractive for (i) sensing applications,
2615 (ii) use as nanoscale cavities to manipulate emitters, and (iii)
2616 as optical metamaterials. Due to the high intrinsic absorption
2617 losses that are most prominent at the lower wavelength end of
2618 visible light, such LSPRs are short-lived leading to pronounced
2619 resonance broadening.608 The challenge of overcoming this
2620 damping, needed for future nanophotonic applications, is
2621 ongoing in the field of plasmonics. A suitable concept to
2622 enhance plasmon lifetimes and thus reduce resonance line
2623 width is the arrangement of plasmonic nanostructures into
2624 periodic superstructures.609 In such arrangements, LSPRs of
2625 individual plasmonic constituents interact with different modes
2626 of diffraction, leading to narrow line-width resonances.39 These
2627 surface lattice resonances (SLRs) result from collective electro-

2628magnetic and plasmonic-diffractive coupling. Given sufficient
2629spectral overlap, the spectral position of the diffractive mode
2630determines the spectral appearance of the SLR. In other words,
2631altering the periodicity of an NC lattice shifts the position of
2632the SLR.
2633Periodic plasmonic NC arrays are typically prepared by top-
2634down approaches such as electron beam lithography. While
2635such fabrication schemes lead to arrays with near-perfect
2636structures, control over the shape, size, and morphology of the
2637individual NC constituents is limited, typically leading to
2638amorphous structures. Furthermore, superstructures prepared
2639by lithography are often limited in total array size, and the
2640fabrication is not scalable, requiring expensive equipment.
2641Alternative preparation schemes using an assembly of
2642plasmonic NCs have attracted significant interest in recent
2643years.157 While literature offers many robust wet-chemical
2644protocols for the synthesis of noble metal NCs with excellent
2645control over particle size, shape, and size distribution, their
2646assembly into periodic, non-close-packed superstructures with
2647precise lattice parameters (symmetry, periodicity) is a
2648remaining scientific challenge.
2649In this sense, two assembly protocols have been proven
2650suitable: (i) template-assisted assembly, where topographic
2651templates are used to guide NC assembly610,611 and (ii)
2652polymer-guided (template-free) self-assembly of NCs that are
2653encapsulated in sufficiently thick polymer shells.361 While the
2654symmetry and periodicity of the template control the final
2655array structure in template-assisted assembly, template-free
2656self-assembly of polymer-encapsulated NCs typically yields
2657hexagonally ordered superstructures. In the latter, the

Figure 16. Superfluorescence in NC assemblies. (a) Collective superfluorescence is achieved when NC properties fulfill criteria for identical
and coherent emitters. (b−e) Relevant degrees of freedom for superfluorescence. (b) Timescales of radiative decay, T1, first-order
coherence, T2, and accelerated decay, TSF, are of correct relative order to favor superfluorescence, for example, TSF < T1, TSF < T2. (c)
Coupling of dipole-dipole interactions between close-packed NCs contributes to radiative coupling, where 1 and 2 are unit vectors of
transition electric dipole, and δ12 is the orientation-dependent interaction energy. (d) Disorder leading to energetic inhomogeneity shall be
minimized as it leads to excitation localization as opposed to the collective state. For example, size dispersion results in the energy transfer
between NCs with different Eg. (e) Mixing NC building blocks is a strategy to tune cooperative emission.
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2658 periodicity of the lattice can be controlled by the thickness of
2659 the polymer shell and its degree of compression in the 2D
2660 confinement.355 Another direction is superstructures that
2661 provide chiral SLRs. Chiral SLRs can be realized by fabricating
2662 superlattices with chiral plasmonic nanostructures612,613 or by
2663 inducting optical chirality into otherwise achiral super-
2664 structures using chiral molecules.614

2665 Challenges regarding SLRs comprise (i) the fabrication of
2666 non-close-packed superstructures that are periodic in all
2667 directions, (ii) understanding the role of defects and structural
2668 imperfections on the quality factor of coupled, collective
2669 resonances, (iii) improving quality factors of SLRs from self-
2670 assembled periodic plasmonic arrays, (iv) use of chiral SLRs in
2671 advanced biodetection, (v) manipulating SLRs by external
2672 parameters such as mechanic deformation of the lattice and
2673 (reversible) changes of the refractive index in the dielectric
2674 environment (substrate or superstrate), and (vi) coupling of
2675 SLRs to gain media (emitter) to produce plasmonic nanolasers
2676 or sources of chiral light in the case of chiral SLRs.
2677 7.5. Superradiance and Superfluorescence. The fast
2678 pace of improvements in the synthesis and optimization of
2679 highly luminescent and uniform colloidal NCs615,616 permits
2680 the engineering of cooperative light emission in NC
2681 assemblies. Photoluminescence of NCs in an ensemble is
2682 typically expected to add up. However, N identical NCs tightly
2683 packed in a volume λ3 (where λ is the emission wavelength) in
2684 the absence of decoherence (such as in low-temperature
2685 experiments) can create a macroscopic polarization after
2686 photo-excitation with peak intensity, which decays propor-
2687 tional to N2 and presents an accelerated radiative lifetime

f16 2688 (Figure 16a). Such collective phenomena have been
2689 theoretically considered for ensembles of two-level systems
2690 and are known as (i) superradiance, an accelerated radiative
2691 decay following a coherent excitation,36 and (ii) super-
2692 f luorescence, an accelerated radiative decay preceded by a
2693 spontaneous build-up of coherence after an incoherent
2694 excitation.37 Experimental observations of superfluorescence
2695 came from dilute atomic and molecular gases,617,618 and
2696 achieving it in a solid state has been challenging due to fast
2697 electronic dephasing and energetic inhomogeneities.619

2698 Lead halide perovskite NCs with an unusual electronic
2699 structure620,621 assembling highly crystalline superlattices622

2700 appear to provide a combination of characteristics favorable for
2701 the realization of both superradiance and superfluorescence.
2702 The report of superfluorescence in single-component CsPbBr3
2703 NC superlattices38 was followed by reports of collective
2704 emission in multicomponent NC superlattices.318,449 Interest-
2705 ingly, not all perovskite NC superlattices show collective
2706 emission behavior. For example, square-shaped superlattices
2707 made of oleate/oleylammonium capped CsPbBr3 NCs and
2708 NCs capped with sulfobetaine showed superfluorescence,38,623

2709 whereas square-shaped superlattices made from oleate-capped
2710 CsPbBr3 NCs and rhombic superlattices made of quarternary
2711 ammonium-capped CsPbBr3 NCs did not.624,625 The spread of
2712 experimental observations indicates a need for systematic
2713 investigations of structure-property relations in perovskite NC
2714 superlattices.
2715 If reproducibly achieved, superfluorescence in NC super-
2716 lattices626,627 and bulk perovskites628,629 might lead to low-cost
2717 and miniature coherent light sources for applications in micro-
2718 LEDs, laser printing, and, in a longer term, elements of optical
2719 information processing circuits and sources of entangled
2720 photons. A holy grail of this research direction is the

2721realization of robust, color-tunable superfluorescence at
2722temperatures that are suitable for device integration. This
2723requires control over several design dimensions (Figure 16b−
2724e), each constituting an open challenge for further research. (i)
2725Characteristic superfluorescence rate, which includes a buildup
2726of coherence between NCs and collective decay, shall be
2727shorter than radiative decay (T1) and dephasing (T2) to
2728sustain the collective state in an NC assembly (Figure 16b).
2729(ii) Understanding and tuning radiative coupling in NC
2730assemblies (short-range dipole-dipole interactions, coupling to
2731the common light field, phonons) is crucial for controlling
2732superfluorescence and for generalizing to other nanoscale
2733emitters (Figure 16c). (iii) Variations in energy between
2734neighboring NCs caused by disorder (δEdg

> 0, where Eg is a NC
2735bandgap energy) should be minimized to avoid excitation
2736localization (e.g., energy transfer625), a problem that is directly
2737related to engineering narrow emitters from colloidal NCs616

2738(Figure 16d). And (iv) the nature of superfluorescence in lead
2739halide perovskites, be it bulk or nanostructured, and the
2740necessity and role of the superstructure and its complexity
2741(single-component, binary or ternary superlattice) is yet to be
2742understood (Figure 16e). Parallel theoretical and experimental
2743efforts are desirable to make progress towards the application
2744of cooperative light emission in NC assemblies.
27457.6. Computer-Assisted Determination of Properties.
2746Machine learning (ML) was discussed in a previous section as
2747a method to upscale molecular dynamics simulations beyond
2748hard-shape interactions between NCs. ML models are,
2749however, not limited to energy predictions and molecular
2750dynamics. In principle, they can be formulated for any property
2751or process of interest, such as electronically excited states and
2752spectra,630,631 chemical reactivity and catalysis,632,633 drug
2753discovery,634 and energy storage materials.635 Simulations of
2754the electronic properties in NCs were shown to be accelerated
2755with ML models,636 where plasmonic oscillations in silver NCs
2756were predicted using neural networks trained on ab initio
2757molecular dynamics data. Other important developments
2758include structural analyses of NCs with unsupervised learning
2759algorithms, which rapidly navigate and cluster large datasets.637

2760Data science methodologies to identify trends and relation-
2761ships in nanostructured materials is a rapidly developing
2762area.638 Artificial intelligence-guided NC synthesis639 repre-
2763sents another significant stride in materials discovery towards
2764accelerating nanomaterial synthesis and uncovering the
2765correlations between chemical composition and desired
2766properties. All these developments lay the groundwork for
2767future advancements in the NC assembly field.
27687.7. Biological Applications. The methods described for
2769NC assemblies have many applications to systems that reach
2770far more disciplines. In the following, we briefly discuss two
2771examples of such applications in the fields of molecular biology
2772and biomedicine.
27737.7.1. Amyloid Fibrils in Neurodegenerative Diseases.
2774Amyloid fibrils consist of individual protein molecules
2775assembled into a repeating pattern along a single axis. They
2776are associated with major neurodegenerative diseases, includ-
2777ing Alzheimer’s disease, Parkinson’s disease, and prion
2778diseases. The underlying one-dimensional arrangement is
2779referred to as a cross-β structure because the β-strands of the
2780protein molecules are stacked perpendicular to the fibril axis.
2781Like many other 1D crystals, amyloid fibrils possess a highly
2782ordered arrangement along one dimension, forming a
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2783 repeating pattern. However, they are not as regular or perfect
2784 as traditional 3D crystals and can exhibit structural poly-
2785 morphism.640

2786 Despite significant advances in understanding the assembly
2787 and disassembly pathways of amyloid fibrils,641,642 several open
2788 problems and challenges persist. One major area of research
2789 focuses on the factors that contribute to the structural
2790 polymorphism observed in amyloid fibrils and its implications
2791 for disease pathology.642 Additionally, the mechanisms under-
2792 lying nucleation and the rate-limiting step in fibril formation
2793 are still not fully elucidated. Especially important is under-
2794 standing how molecular chaperones prevent the initiation and
2795 propagation of fibril formation and how this ability is lost in
2796 disease states. Furthermore, while clearance mechanisms exist
2797 to eliminate amyloid fibrils,643−645 the efficiency and
2798 effectiveness of these mechanisms in different cell types and
2799 disease contexts are not yet fully understood. Identifying ways
2800 to enhance the clearance of fibrils or develop interventions that
2801 promote their disaggregation is an ongoing challenge.
2802 7.7.2. Nanocrystalline Complexes of Innate Immune
2803 Ligands. As discussed in the previous section, pathological
2804 self-assembly is a concept that has been associated with
2805 amyloids, such as amyloid-β (Aβ) in Alzheimer’s disease and
2806 α-synuclein in Parkinson’s disease. While the oligomeric forms
2807 of amyloids are thought to be responsible for their cytotoxicity
2808 via membrane permeation, their fibrillar forms have been
2809 known to interact with the innate immune system to induce
2810 inflammation. Furthermore, both eukaryotic and prokaryotic
2811 amyloids can self-assemble and organize nucleic acids into
2812 nanocrystalline complexes, thereby enabling amplification of
2813 toll-like receptor (TLR) signaling from the innate immune
2814 system. In a more general compass, recent work has shown that
2815 antimicrobial peptides (AMPs) from the host innate immune
2816 system follow a strikingly similar pattern. AMPs have
2817 historically been considered essential components of the host
2818 innate immune system and play critical roles in defense against
2819 microbes, such as preferential permeation of microbial
2820 membranes rather than eukaryotic membranes, and sound
2821 the proverbial alarm to activate cellular-mediated immune
2822 responses.646,647 Consistent with this perspective, many AMPs
2823 are facially amphiphilic and can facilitate membrane remodel-
2824 ing processes such as pore formation. In fact, in the last ten
2825 years, the lines of demarcation between amyloids and AMPs
2826 have blurred drastically. Like amyloids, it turns out that AMPs
2827 are low symmetry objects that can assemble into protofibrils
2828 that organize nucleic acids into nanocrystalline structures that
2829 amplify TLR mediated immune responses.648−651 Like AMPs,
2830 amyloids have recently been shown capable of antimicrobial
2831 activity in addition to their cytotoxic properties, suggesting a
2832 function in host defense.652,653

2833 One question is why the assembly of innate immune ligands
2834 like dsDNA or dsRNA into a nanocrystalline organization by
2835 AMPs or amyloids leads to amplified immune activation in the
2836 host. To answer this question, it is helpful to assess how the
2837 innate immune system functions. The innate immune system is
2838 capable of fast decision-making because it works via a form of
2839 molecular profiling. TLRs do not sense and respond to
2840 chemical individuality. Rather, the innate immune system goes
2841 through a more streamlined decision-making process to
2842 recognize and respond to a relatively small number of the
2843 so-called pathogen-associated molecular patterns (PAMPs),
2844 conserved molecular ligands derived from microbes. In
2845 microbial defense, AMPs can permeate microbial membranes

2846and co-assemble with free microbial ligands from lysed
2847microbes into nanocrystalline complexes that differentially
2848activate TLRs. Depending on the precise assembled supra-
2849molecular crystalline structure of the complex, the TLR
2850response from immune cells can vary from nonactivation up
2851to massively amplified activation at about 100 times basal
2852levels.648 This system is fast and efficient, but the profiling can
2853go wrong. For example, nonmicrobial self-nucleic acids can
2854erroneously activate TLRs (TLR9 for dsDNA, TLR3 for
2855dsRNA) via this AMP-based multivalent amplification
2856mechanism in autoimmune diseases such as lupus, rheumatoid
2857arthritis, and psoriasis.648,649,651 The reason for this drastic
2858amplification is a statistical mechanical effect known as
2859superselectivity, which was originally formulated to understand
2860the assembly of multivalent NCs.654 The crystalline face of an
2861NC with the right lattice spacing commensurate with the steric
2862size of TLRs can mediate successful multivalent binding
2863between immune ligands and immune receptors.648 More
2864importantly, the system presents a vulnerability that allows
2865innate immune machinery to be exploited by microbes, such as
2866enterotoxins from Clostridioides. dif f icile,655 and coronaviruses
2867such as SARS-CoV-2, the causative agent for COVID-19.656

8. CONCLUSIONS AND PERSPECTIVES
2868Although NC-based materials have been used (inadvertently)
2869for more than 3 millennia,657 the subject, as a field, was
2870basically nonexistent three decades ago. Recent spectacular
2871progress in chemical synthesis and characterization, coupled
2872with rapid advancements in theoretical understanding of
2873fundamental processes, is what motivated the KITP workshop
2874and conference in Santa Barbara entitled “Nanoparticle
2875Assemblies: A New Form of Matter with Classical Structure
2876and Quantum Function”. This paper is a result of this event
2877and attempts to categorize and summarize the most promising
2878directions as identified by the workshop participants. Several
2879challenges were elucidated in this study, and it is our
2880expectation that their accomplishment will push the
2881boundaries of the field.
2882The ability to assemble more complex and diverse structures
2883will continue to be a major area of interest. Increasingly, the
2884effort will be driven by the goal of assembling materials with
2885given functions. Here, it should be expected that theory will
2886increasingly play a leading role. Yet, many important functions
2887are related to electronic properties, so general methods that
2888combine the assembly part, which is more often described by
2889classical statistical mechanics, and the electronic component,
2890which almost entirely requires quantum calculations, will need
2891to be further developed.
2892Non-equilibrium effects have been arguably under-inves-
2893tigated but present ways of controlling equilibrium and
2894metastable assembly, as well as in developing nanoscale active
2895systems. Furthermore, the ability to design materials that
2896perform many different functions requires a precise under-
2897standing of nonequilibrium effects. Insights from biological
2898self-assembly, where complex structures are made from a
2899shared set of building blocks (for example, a variety of protein
2900structures arising from the same set of amino acids), have given
2901rise to the growing field of multifarious self-assembly. An
2902apparently unrelated but equally intriguing question pertains to
2903the dynamic nature of structures. If a structure is constantly
2904changing over time, can it break free from kinetic traps that
2905have long hindered the more widespread adoption of self-
2906assembly processes? Recent advancements hold great promise,
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2907 offering not only potential applications within the self-assembly
2908 field but also insights into the statistical mechanics of systems
2909 characterized by rugged landscapes.658

2910 The exploration and engineering of optical and electronic
2911 interactions between NCs suggest potential avenues for
2912 practical applications. QD-OLED TVs, which utilize the NC
2913 photoluminescence, are a promising step in this direction. In
2914 this example, a fundamental discovery�the synthesis of
2915 quantum dots (QD), for which the Nobel Prize in Chemistry
2916 2023 was awarded to Moungi G. Bawendi, Louis E. Brus, and
2917 Aleksei I. Ekimov�was combined with engineering advances
2918 to realize controlled QD self-assembly. As microelectronics
2919 continues to integrate optical elements, NCs will play an
2920 increasingly relevant role. The development of photonic
2921 integrated circuits and the emergence of quantum computing
2922 could benefit from the low-cost and solution-processable
2923 nature of NC assemblies. Incorporating printable electronic
2924 and optoelectronic elements into products, from smart fabrics
2925 to consumer devices such as smartphones and virtual reality
2926 headsets, hints at a future where NC assemblies will enhance
2927 many device functionalities.
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3115VOCABULARY
3116assembly protocol = the conditions (thermodynamic
3117conditions, concentrations, rates of cooling, that is, the
3118protocol) to assemble nanocrystals/building blocks into
3119superstructures
3120building block = a nanocrystal (core) with a given shape
3121(habit), functionalized by polymers (shell), that serves as a
3122building block to assemble a (super)structure
3123plasmonic nanocrystal = a conductor nanocrystal
3124quantum dot = a semiconductor nanocrystal
3125self-assembly = the process of spontaneous association of
3126individual units (atoms, building blocks) to form a highly
3127arranged pattern or ordered structure
3128superstructure = the meso-/macroscale structure formed by
3129the assembly of nanocrystals/building blocks
3130surface functionalization/ligand shell = the addition of small
3131molecules or polymers (ligands) that attach to the
3132nanocrystal surface and create interactions between nano-
3133crystals.
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4472Pumera, M. Pick up and dispose of pollutants from water via
4473temperature-responsive micellar copolymers on magnetite nano-
4474robots. Nature communications 2022, 13, 1026.

(389) 4475Li, Z.; Yang, F.; Yin, Y. Smart Materials by Nanoscale
4476Magnetic Assembly. Adv. Funct. Mater. 2020, 30, 1903467.

(390) 4477He, L.; Wang, M.; Ge, J.; Yin, Y. Magnetic Assembly Route to
4478Colloidal Responsive Photonic Nanostructures. Accounts of Chemical
4479Research 2012, 45, 1431−1440.

(391) 4480Murugan, A.; Zeravcic, Z.; Brenner, M. P.; Leibler, S.
4481Multifarious assembly mixtures: Systems allowing retrieval of diverse
4482stored structures. Proceedings of the National Academy of Sciences 2015,
4483112, 54−59.

(392) 4484Keim, N. C.; Paulsen, J. D.; Zeravcic, Z.; Sastry, S.; Nagel, S.
4485R. Memory formation in matter. Reviews of Modern Physics 2019, 91,
4486No. 035002.

(393) 4487Sartori, P.; Leibler, S. Lessons from equilibrium statistical
4488physics regarding the assembly of protein complexes. Proceedings of the
4489National Academy of Sciences 2020, 117, 114−120.

(394) 4490Bisker, G.; England, J. L. Nonequilibrium associative retrieval
4491of multiple stored self-assembly targets. Proceedings of the National
4492Academy of Sciences 2018, 115, E10531−E10538.

(395) 4493Hopfield, J. J. Neural networks and physical systems with
4494emergent collective computational abilities. Proceedings of the National
4495Academy of Sciences 1982, 79, 2554−2558.

(396) 4496Amit, D. J. Modeling Brain Function; Cambridge University
4497Press, 1989.

(397) 4498Zhong, W.; Schwab, D. J.; Murugan, A. Associative Pattern
4499Recognition Through Macro-molecular Self-Assembly. Journal of
4500Statistical Physics 2017, 167, 806−826.
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